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Theory of Electrical Resistivity
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Abstract

This paper presents the derivation of the equations for electrical resistivity of the metallic and semiconductor elements and
compounds according to the Reciprocal System of physical theory developed by D. B. Larson. The factors involved include: the
atomic rotational displacement (as modified by the passage of the current), the temperature, the interatomic distance, the volume
of the crystal unit cell, the number of atoms in the crystal unit cell, atomic weight, and the diameter of the atoms.
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Introduction

The Reciprocal System of physical theory is described in the books by Dewey B. Larson, such as Ref. [1], [2], [3], and [4]. In
those books, Larson derived some of the fundamental concepts of electrical resistivity from the Postulates of the Reciprocal
System but did not complete the work (see, for example, pp. 234-238 of Ref. [3]). This paper, which is runnable as a Mathcad
program, completes the work in deriving fully accurate equations for electrical resistivity of the metallic and semiconductor
elements and compounds, alloys, and anisotropic and amorphous substances.



Nomenclature

A = cross-sectional area of specimen, cm?

Av = Avogadro's constant (number of atoms in a gram-mole)

a, b = constants for aggregate resistivity equation

Cmet = Number of impurity metallic atoms per cubic centimeter of a semiconductor
Csemic = NUumber of semiconductor atoms per cubic centimeter

datom = atomic diameter ("nuclear diameter" in terms of conventional theory), fm
d, = natural unit for atomic diameter, fm
Ir = interregional ratio (between time region and time-space region)

k = Boltzmann's constant, eV/K

k1 = proportionality factor for temperature deviation of aggregate
L = length of specimen, cm

N = number of components of N-ary alloy

n = number of solutes in N-ary alloy

N; = mass decimal fraction of atoms of substance i in disordered alloy

P = external pressure (dyne/cm2, or N/m2, or atm, or kg/cm? (Bridgman's units)

P, = internal pressure (dyne/cm?, or N/m?, or atm, or kg/cm? (Bridgman's units)
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R = resistance of specimen, ohm or p-ohm

R, = resistance of specimen under pressure, ohm or p-ohm

p
R, = natural unit of resistance, ohm

S = space dimension

Saniso = Interatomic distance along specified a, b, or ¢ principal crystal axis, angstrom

Sy = hatural unit of space, cm

St_u = time region natural unit of space (for solids), angstrom

Sg = chosen interatomic distance (usually smallest) in unit cell at 0 K and 0 external pressure, angstrom

T = temperature at which the resistivity is measured, K (usually 293.15 or 300)

Tpe = temperature of the beginning of conduction for a semiconductor, K

T = temperature of superconduction for a metal, K

Ty y = natural unit of temperature for solids (spatial vibration), K

Tt inv_u = inverse natural unit of temperatures for solids (temporal vibration), K
T, = natural unit of temperature (for gas-like flow of electrons), K

t = time dimension

t. = atomic electric displacement (integer, dimensionless; use alternate positive equivalent for most electronegative
elements)



te mod = atomic electric displacement as modified by passage of current (integer or half integer, dimensionless)
t, = atomic primary magnetic rotational displacement of the element (integer, dimensionless)

t; = atomic secondary magnetic rotational displacement of the element (integer, dimensionless)

V = volume of material at pressure P, cm3

V; = volume of ith phase of heterogenous mixture, cm3

V, = volume of material at zero external pressure, cm®

V. = volume of crystal unit cell at 0 K and 0 external pressure, angstrom?

w = atomic weight of element (divided by unit atomic weight, so effectively dimensionless)

Wmet = atomic weight of metallic impurity in semiconductor

Wsemic = atomic weight of semiconductor

xxj = decimal atomic concentration of the ith solute in a disordered alloy
Z = number of atoms in crystal unit cell

y = density of amorphous solids, amu/angstrom?

v, = hatural unit of density for amorphous solids, amu/angstrom?®

p = molecular resistivity of crystal unit metallic cell at temperature T, p—ohm-cm

Psemic = Molecular resistivity of crystal unit semiconductor cell at temperature T, ohm-cm



Paggr = @0gregate resistivity of bulk material at mean temperature T, p-ohm-cm

Pgev sc = deviation of resisitivity at superconducting temperature due to higher temperature atoms or molecules

py = hatural unit of resistivity, p-ohm-cm

S, = CONductivity of metallic impurity in semiconductor, ohm™*-cm™

o, = conductivity of semiconductor with metallic impurity, ohm™-cm™

1

c = conductivity of semiconductor, ohm™-cm"

semic

@1 = probability distribution function for deviation of molecular temperatures from the mean

d1, 05,...,0,, = volume fraction of the individual phases of a heterogenous or multiphase mixture

dmet = Mass fraction of metallic atoms in semiconductor

Note: A black square in the upper right of an equation means that the equation is disabled from running in Mathcad. This is done because not all
variables in the equation have, as yet, been given numerical values at that point in the program.
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Reciprocal System Physical Constants

sy = 4.558816-10 % cm  (Ref.[1], p. 160) Ty := 7.20423.10% K (Ref.[2], p. 59) I == 156.4444
(Ref. [1], p.
. su _ . 162)
St u = 3 St u = 2.914 angstrom dy :=3.359 fm (Ref. [5])
Ir-10~
Ry = 8.83834-10"1  ohms (Ref.[2],p.110)  py = Ry-sp y10 °x 10° py = 25755070686.736 u-ohm-cm
. . 1 . 1
tu 2.914
amu/angstroms3

Av = 6.02486-10%> g-mole-l
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1. Derivation of the New Electrical Resistivity Equation for Metallic Elements

Electrical resistivity is defined in terms of the resistance of a specimen, its cross-sectional area, and its length:

-10° p-ohm-cm (1)

If we set Ato 1 cm2 and L to 1 cm, we have a unit cube of the material. So, resistivity can be equivalently defined as the
resistance of a unit volume of material, the specific resistance, so to speak. It is thus an intrinsic material property. Ref. [2], p.

110, shows that electrical resistance has the dimensions of mass per unit time, (3/s3)/t. So resistivity must have the dimensions

[t2/s2] =[t2/s3] xs2 /s (2)

which is momentum. Resistance per unit volume, the equivalent definition of resistivity, would then be mass per unit time per unit
volume.

The general equation, expressed in words, for matter properties in the Reciprocal System is as follows:
matter_property _for_specific_element_or_compound := natural_unit_value_for_that_property x
(geometrical_and_physical_factors_of that_element_or_compound, expressed
non-dimensionally)

Here:

"
b= py ( factors j 3)

natural_unit_value_of factors
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In the Reciprocal System, ordinary electric current is comprised of massless, chargeless electrons. These travel through the
atoms of matter, not (simply) through the interstices. They are not scattered by the atoms (as seen by conventional physics),
and so Drude's equation does not apply at all to the Reciprocal System. There are no charged electrons or charged holes or
excitons involved in ordinary electric current.

The mass in Eq. 2 is the mass of the atoms per crystal unit cell through which the electrons flow. The time is the rotational time
displacement of these atoms. The volume is that of the crystal unit cell of the material. The temperature at which the resistivity is
measured must be referred to the natural unit of temperature. Resistivity (for an atom) vanishes at the superconducting
temperature; but for an aggregate, some atoms remain above superconducting temperature even though the bulk temperature is
there or below, so aggregate resistivity doesn't go to zero at the superconducting temperature (as calculated by the Reciprocal
System), rather it exponentially declines, as will be seen later. So it's the deviation from superconducting temperature that counts.

Two other factors are, of course, the diameter of the atoms through which the electrons travel, and the interatomic distance
between the atoms. If this distance is not isotropic, then the crystal resistivity is anisotropic.

The time term involves the ratio of the (one-dimensional) electric rotational displacement to the one-dimensional equivalent of the
mean magnetic rotational displacement. The electric rotational displacement may be modified by passage of the electric current,
whereas the magnetic rotational displacement is not (if it were, the basic atomic structure would be altered). Atomic weight is a
function of the magnetically charged neutrinos contained within an atom, and it's these neutrinos that modify the effective electric
displacement of the atom in regards to electric current flow. The modification can be up or down (but usually down), because the
neutrinos have both time and space displacements, and may be half integer because the neutrinos have only one rotating system,
not two. Finally, it's necessary to square the time term because of the relationship of the time region to the time-space region
("The time region velocity and all quantities derived therefrom, which means all of the physical phenomena of the region, are
therefore second power expressions of the corresponding time-space region quantities.”, p. 19 of Ref. [4].)

Putting all this together we have

s W 50
b= py- (T - Tsc) ' . 1 . dSt_u . 1 a u-ohm-cm (4)
Ty uc atom te_mod
(St_u3) G 1
3
(tpz'tS)
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Sample Calculation for Copper
The following values apply:
T:=293.15 K (room temperature)
Tsc := 47.88 K (as calculated by the Reciprocal System, see Ref. [2], p. 84, pp. 116-117)

Z:=4
W :=63.546 amu

Vyc := 46.653 angstrom?
So = 2.542 angstrom

datom =8.366 fm

tp =3
tS = 2
te mod := 13 (alternative equivalent plus 2, for this element)
w S0
Z- — -
T-T S
p = Pu'( SC)' 1 2w 1 p = 1.68268 p-ohm-cm
Ty Vuc datom to 2
" " mod
(St_u3) u 1
3
2
(tp 'tS)

The experimental value, from Ref. [6], is 1.67 p-ohm-cm. Ref. [8] says it's 1.7 p-ohm-cm.



Table of Resistivity Values of the Metallic Elements
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The Excel table below gives the values of the modified electric displacement, together with all the other input values, and the
resultant value of the resistivity for each metallic element. Even mercury, Hg, which is liquid at room temperature is included,

which shows that Eq. (4) can (apparently) be applied to liquids as well. Most electronegative elements use the alternative
equivalent electropositive rotational displacements. The exceptions are noted with a

Element
Li
Be
Na
Mg
Al
P--black
K
Ca
Sc
Ti
\
Cr
Mn
Fe
Co
Ni
Cu
Zn
Ga
As
Se
Rb
Sr
Y
Zr
Nb
Mo
Tc
Ru
Rh
Pd
Ag
Cd
In

Atomic No.

3

4
11
12
13
15
19
20
21
22
23
24
25
26
27
28
29
30
31
33
34
37
38
39
40
41
42
43
44
45
46
47
48
49

Atomic Weight
6.941
9.012182
22.98977
24.305
26.981538
30.974
39.0983
40.078
4495591
47.867
50.9415
51.9961
54.938049
55.845
58.9332
58.6934
63.546
65.409
69.723
74.913
78.96
85.4678
87.62
88.90585
91.224
92.90638
95.94

98
101.07
102.9055
106.42
107.8682
112.411
114.818

Reg. Rot. Disp Alt. Equiv. Rot.

2-1-1
2-1-2
2-2-1
2-2-2
2-2-3
3-2-(3)
3-2-1
3-2-2
3-2-3
3-2-4
3-2-5
3-2-6
3-2-7
3-2-8
3-2-9
3-3-(8)
3-3-(7)
3-3-(6)
3-3-(5)
3-3-(3)
3-3-(2)
3-3-1
3-3-2
3-3-3
3-3-4
3-3-5
3-3-6
3-3-7
3-3-8
3-3-9
4-3-(8)
4-3-(7)
4-3-(6)
4-3-(5)

2-1-1
2-1-2
2-2-1
2-2-2
2-2-3
2-2-5
3-2-1
3-2-2
3-2-3
3-2-4
3-2-5
3-2-6
3-2-7
3-2-8
3-2-9
3-2-10
3-2-11
3-2-12
3-2-13
3-2-15
3-2-16
3-3-1
3-3-2
3-3-3
3-3-4
3-3-5
3-3-6
3-3-7
3-3-8
3-3-9
3-3-10
3-3-11
3-3-12
3-3-13

3

NNBEBREBEBNNNMNMNMNNNBENNOONBAERERBEBNAENNNNBENOAEAENDNDDNRANG

SO
2.922
2.23
3.633
3.159
2.86
2.2
4.516
3.928
3.194
2.964
2.638
2.696
2.608
2.478
2.412
2.506
2.542
2.896
2.809
2.385
3.481
4.852
4.22
3.609
2.965
2.844
2.738
2.738
2.738
2.662
2.738
2.877
3.207
3.342

d_atom

2

2
4.048
4.048
4.894
4.894
8.366
8.366
8.366
8.366
8.366
8.366
8.366
8.366
8.366
8.366
8.366
10.624
8.366
8.366
8.366
10.624
10.624
10.624
10.624
10.624
11.66
11.66
11.66
10.624
11.66
12.766
14.922
14.922

to the left of the element symbol.

T-Ts
237.29
237.29
269.21
245.27
237.29
197.39
277.19
261.23
249.26
237.29

233.3
237.29
241.28
229.31
237.29
237.29
245.27
261.23
277.19
245.27
261.23
285.17
261.23
261.23
257.24
237.29
237.29
237.29
237.29
241.28
253.25
265.22

273.2
245.27

Vuc
82.429
15.814
75.419
45.459
64.466

142.646
170.227
49.611
35.713
27.918
28.245
51.801
23.258
42.637
43.135
46.653
29.754
137.122
174.207
220.335
66.023
46.129
35.772
30.979
28.670
26.966
54.641
58.344
67.354
41.296
52.333



Ru
Rh
Pd
Ag
Cd

Sn
Sb
Cs
Ba
La
Ce
Pr
Nd
Pm
Sm
Eu
Gd
Tb
Dy
Ho
Er
Tm
Yb
Lu
Hf
Ta

Re
Os
Ir
Pt
Au
Hg
TI
Pb
Bi
Po
Ra
Th
Pa

Np
Pu
Am

45
46
47
48
49
50
51
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
88
90
91
92
93
94
95

01.07
102.9055
106.42
107.8682
112.411
114.818
117.71
121.75
132.90545
137.337
138.9055
140.116
140.90765
144.24
145
150.36
151.964
157.25
158.92534
162.5
164.93032
167.259
168.93421
173.04
174.967
178.49
180.9479
183.84
186.207
190.23
192.217
195.078
196.96655
200.59
204.3833
207.2
208.98
209

207.2
232.0381
231.03588
238.02891
237

244

243

3-3-8
3-3-9
4-3-(8)
4-3-(7)
4-3-(6)
4-3-(5)
4-3-(4)
4-3-(3)
4-3-1
4-3-2
4-3-3
4-3-4
4-3-5
4-3-6
4-3-7
4-3-8
4-3-9
4-3-10
4-3-11
4-3-12
4-3-13
4-3-14
4-3-15
4-3-16
4-4-(15)
4-4-(14)
4-4-(13)
4-4-(12)
4-4--(11)
4-4--(10)
4-4-(9)
4-4-(8)
4-4-(7)
4-4-(6)
4-4-(5)
4-4-(4)
4-4-(3)
4-4-(2)
4-4-2
4-4-4
4-4-5
4-4-6
4-4-7
4-4-8
4-4-9

3-3-38
3-3-9
3-3-10
3-3-11
3-3-12
3-3-13
3-3-14
3-3-15
4-3-1
4-3-2
4-3-3
4-3-4
4-3-5
4-3-6
4-3-7
4-3-8
4-3-9
4-3-10
4-3-11
4-3-12
4-3-13
4-3-14
4-3-15
4-3-16
4-3-17
4-3-18
4-3-19
4-3-20
4-3-21
4-3-22
4-3-23
4-3-24
4-3-25
4-3-26
4-3-27
4-3-28
4-3-29
4-3-30
4-4-2
4-4-4
4-4-5
4-4-6
4-4-7
4-4-8
4-4-9
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2./36
2.662
2.738
2.877
3.207
3.342
2.813
2.838
5.195
4.377
3.711
3.616
3.616
3.616
3.616
3.616
3.982
3.571
3.616
3.526
3.535
3.535
3.526
3.879
3.444
3.149

2.85
2.738
2.738
2.738
2.738
2.738
2.888
3.455
3.455
3.455
3.159
3.455
4.383
3.535
3.233
2.956
3.039
3.159
3.455

11.06
10.624

11.66
12.766
14.922
14.922
12.766
14.922
13.942
16.234
13.942
16.234
16.234
16.234
16.234
16.234
15.058
14.922
16.234
14.922
15.058
15.058
14.922
14.922
14.922
14.922
12.766

11.66

11.66

11.66

11.66

11.66
13.942

11.66
13.942
13.942
13.942
13.942
15.058
15.058
15.058
15.058
13.942
13.942
13.942

241.28
253.25
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273.2
245.27
265.22
261.23
285.17
277.19

273.2

273.2
281.18
281.18
281.18
277.19
277.19

273.2

273.2

273.2
277.19
281.18
281.18
277.19
277.19
261.23
261.23
245.27
253.25
237.29
249.26
261.23
269.21
277.19
277.19
277.19

273.2
261.23
277.19
257.24
241.28
241.28
241.28
241.28
241.28

54.641
58.344
67.354;
41.296
52.333
264.281
220.897
125.000
73.923
137.484
137.468
68.356
68.356
67.381
94.258
66.778
62.736
62.972
60.720
60.848
58.161
165.126
57.554
44.161
35.736
31.497
28.986
27.847
56.139
59.773
66.817
44.177
56.074
115.212
136.432
64.480
49.883
40.708
38.933
92.937
115.782



Element Atomic No. te_mod Calc. RHO RHO Obs. calc -
Li 3 2.0 7.501 8.550 -1.
Be 4 4.5 3.826 4.000 -0.
Na 11 4.0 3.755 4.200 -0
Mg 12 4.5 4.122 4.380 -0.
Al 13 6.0 2.630 2.660 -0.
K 19 3.0 6.383 6.150 0.
Ca 20 5.0 3.236 3.430 -0.
Sc 21 1.5 53.683 61.000 -7.
Ti 22 2.0 39.458 42.000 -2.
Vv 23 3.0 20.891 19.700 1.
Cr 24 4.0 12.323 12.700 -0.
Mn 25 1.0 223.470 185.000 38
Fe 26 5.0 9.137 9.710 -0.
Co 27 6.5 6.270 6.240 0.
Ni 28 6.5 6.413 6.840 -0
Cu 29 13.0 1.683 1.670 0.
Zn 30 6.0 6.091 5.920 0
Ga 31 3.0 29.461 27.000 2
Rb 37 3.0 13.031 12.500 0
Sr 38 2.5 24.236 23.000 1.
Y 39 2.0 54.832 57.000 -2.
Zr 40 2.5 41.693 42.100 -0
N b 41 5.0 12.112 12.500 -0.
Mo 42 8.0 4.949 5.200 -0.
Tc 43 4.0 21.849 22.600 -0.
Ru 44 7.0 7.823 7.600 0.
Rh 45 9.5 4.631 4.510 0.
Pd 46 6.0 11.061 10.800 0.
Ag 47 15.0 1.562 1.590 -0
Cd 48 6.5 6.943 6.830 0
In 49 5.0 8.848 8.370 0
Sn 50 4.0 11.944 11.000 0
Cs 55 3.0 19.134 20.000 -0
Ba 56 2.0 55.293 50.000 5
La 57 2.5 58.888 57.000 1.
Ce 58 2.0 83.524 73.000 10.
Pr 59 2.5 55.334 68.000 -12.
Nd 60 2.5 56.956 64.000 -7.
Pm 61 2.5 57.256 50.000 7.
Sm 62 2.0 92.776 94.000 -1,
Eu 63 2.0 79.579 90.000 -10
Gd 64 20 103.672 134.000 -30.

obs
049
174

445

258
030
233
194
317
542
191
377

470

573
030

427

013

A71
461
.531

236
168

407

388
251
751
223
121
261

.028
113
478
.944
.866
.293

888
524
666
044
256
224

421

328

calc / obs

OCOoOo0oOPrPOO0OrRFRPFRPOFRPPRPPFPOFRPPPOOOOORPPFPPRPPPOPFPORPOPFPOOORPLROOOODO

877
.957
.894
.941
.989
.038
.943
.880
.939
.060
.970
.208
.941
.005
.938
.008
.029
.091
.042
.054
.962
.990
.969
.952
.967
.029
.027
.024
.982
.017
.057
.086
.957
.106
.033
144
.814
.890
.145
.987
.884
774

te - te_mod

-1.
-2.

-3

-2.
-3.

-2

-3.

(=Y

NWNWOONDNDN

O~NOPS~WNDNO
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Pr
Nd
Pm
Sm
Eu
Gd
Thb
Dy
Ho
Er
Tm
Yb
Lu
Hf
Ta

Re
Os

Pt
Au
Hg
Tl
Pb
Ra
Th
Pa

Np
Pu
Am

59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
88
90
91
92
93
94
95

NOBNDNNDNNWOWDNDNNDNDNDNDN

e =
W= I NN
UOUUIUTOOOUIUIOUNTOUIUTOOUTUIUTUIUTO OO O O U Ul Ul

w

WNWOOoONNO O

55.
56.
57.
92.
79.
103.
103.
49.
76.
78.
83.
32.
83.
37.
428
.795
18.
473
135
10.
329
82.
18.
22.
99.
12.
18.
29.
116.
149.
66.

12

correlation =

334
956
256
776
579
672
806
856
175
197
170
542
818
510

293

785

002
733
394
956
606
530
874
072
869
853

68.
64.
50.
94.
90.
134.
114.
57.
87.
87.
79.
29.
79.
35.
12.
.650
19.
120
.300
10.
.350
94.
18.
20.
100.
13.
17.
30.
122.
146.
68.

000
000
000
000
000
000
000
000
000
000
000
000
000
100
500

300

600

100
000
800
000
000
700
800
000
000
000

.985

-12.666
-7.044
7.256
-1.224
-10.421
-30.328
-10.194
-7.144
-10.825
-8.803
4.170
3.542
4.818
2.410
-0.072
0.145
-1.007
0.353
-0.165
0.185
-0.021
-12.098
0.733
1.594
-0.044
-0.394
0.830
-0.926
-5.928
3.869
-1.147

—.666

OPrPOoOO0OPFrROFrRFRPFPOOFRPOFRPOPFPORPRPRPPPOOOOOOOPR OO

.814
.890
.145
.987
.884
T74
911
.875
.876
.899
.053
122
.061
.069
.994
.026
.948
.044
.969
.017
991
.871
.041
.077
.000
.970
.047
.970
.951
.026
.983

991
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2. Low Temperature Resistivity of Aggregate

The values computed above are for individual crystal cells in which the atoms are all at the same temperature. For an
aggregate of material, the temperature will not be the same throughout--there will be a normal probability distribution of
temperatures up and down from the average. At values somewhat higher than the calculated superconducting temperature,
the deviations up and down equal, so the bulk resistivity equals the molecular resistivity. However, near the superconducting
temperature and below, the deviations below vanish and so do not counter the devations above, so there will be resistivity due

to the higher temperature atoms. The aggregate resistivity at these temperatures is calculated as follows.

Eq. (4) can be rewritten to separate the T term from the constant term.

S0
z v = _
1 1 St u 1
a — pu._. . .
Ty  Vuc datom te mod 2
3 d e
(St u ) " 1
3
. (tpz'tS)
_ s _
z v = _
Tsc 1 St u 1
b :: pu. . . .
Tu Vue datom te mod 2
3 d e
(St u ) N 1
3
i i (tpz'tS) 1]

(5)
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In the Reciprocal System, the atoms of a solid or liquid follow a normal probability distribution of temperatures; atoms of a gas
follow Maxwell's distribution, in aggreement with conventional theory and the experimental data. The standard normal
probability function for temperature T is defined as

O = .
T o (6)

To obtain the resistivity contributed by atoms having a temperature higher than the superconducting temperature (when the
mean temperature is at the superconducting temperature or below as calculated by the Reciprocal System), we must multiply
the above function by the temperature, T, and integrate from 0 to infinity (the number of atoms in a material aggregate being
usually greater than 1023). We must also multiply the integral by a factor k1, which is equal to .25, because we need only the
positive deviation below the superconducting temperature (there being no negative deviation) and because only one-half of a
thermal vibration (outward) is effective against the space-time progression (inward in the time region). So:

ki :=.5.5 ki = 0.25 )

‘e dT (8)

Pdev_sc == a-kl- T

15
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Therefore: 5 (ToTe)?
Paggr = Pdev_sc'e[ [( s ﬂ T < Tec 9)

2
-5 |(T-T
Paggr = P T Pdev_sc'€ [( sc) ﬂ T2>Tse (for a few K beyond Ty, (10)

otherwise just p)

The exponential factors in Eg. (9) and Eq. (10), come from setting the lower limit of the integral in Eq. (8) to (T-Tsc) rather than
to 0.

16
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Sample Low Temperature Calculations for Copper

z.% SS_O i ) .
2= py S a = 0.00686
Ty  Vuc datom te mod 2
(St u ) du 1
3
2
(tp 'tS)
[ w s N
b= p .Tsc. 1 . St u . 1
ST, Vue  datom o mod 12 b = 0.32848
d —_
(St_u ) N 1
3
2
i (tp 'tS) ]

Pdev_sc = 0.09974-a Pdev_sc = 0.00068 p-ohm-cm



Make Mathcad user functions:

p(a,T,b):=a-T-Db

T :=50

pcu = p(a,T,b)

T :=49

pcu = p(a,T,b)

T :=48

pcu = p(a,T,b)

T =47
T =46
T :=45

Paggr(P apdeV_SCaT ,Tsc) =P +Pdev_sc'®

pcy = 0.00082

Paggr_cu

Paggr_cu

Paggr_cu

Paggr_cu

Paggr_cu

Paggr_cu

|- 5{(r-7eof]

= Paggr(Pcu sPdev_scs T aTsc)

= paggr(Pcu ’pdeV_SC’T ’TSC)
= paggr(Pcu ’pdeV_SC’T ’TSC)
= paggr(o ,Pdev_sc’T ’TSC)
= paggr(o ,Pdev_sc’T ’TSC)

= paggr(o ,Pdev_sc’T ’TSC)
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So, as you can see, the exponential decline in aggregate resistivity is very steep. The observed experimental
superconducting temperature for bulk Cu is 46 K, not quite 2 K lower than the calculated molecular superconducting
temperature. Below is a graph of the aggregate resistivity (multiplied by 100000) versus mean temperature, K.
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2
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Figure 1. Low Temperature Resistivity of Copper

Similar such curves can be seen in the resistivity of other metallic elements; see Ref. [9] for the empirical graphs.
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3. Effect of Pressure on Electrical Resistivity

The effect of pressure on volume is given by Eq. (4-8) of Ref. [2], p. 39:

|
PO.5

Vi=Vo——
(Po+P)°

where V is the volume of material at external pressure P, Vg is the volume at zero temperature and pressure, and Py is the
internal pressure (Reciprocal System built-in pressure, without any external pressure).

Larson states, Ref. [2], p. 118: "Because the movement of electrons (space) through matter is the inverse of the movement of
matter through space, the inter-regional relations applicable to the effect of pressure on resistance are the inverse of those that
apply to the change in volume under pressure.” Therefore, by analogy, the equation for resistance under pressure is

2 .
Po
Rp = R——— (11)
(P +Po)

where R is the resistance at zero (or close to zero) external pressure P. Note that we have to use resistance, rather than
resisitivity, because the volume of the specimen will decrease under pressure. The internal pressure values for use in Eq. (11)
should be the same as those used in the compressibility calculations. There is some evidence, however, that the change in

internal pressure, transitions as they are called, may occur at somewhat different levels of external pressure P for resistivity.
The associated data base, included with Ref. [5], has notes on this for the relevant elements.
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Sample Calculation for Copper

R :=1.68 p-ohm (at room temperature, atmospheric pressure, as calculated above for a unit cm cube of material)

Po = .698-106 atm (from the associated data base, Ref. [5], using the same value as for the original one for
compression)

P = 4.9345-104 atm equal to 5 GPa, admittedly, a rather high external pressure
(but below the calculated first transition pressure for Pg)
2
P
Rp = R-—O Rp = 1.46547  p-ohm, which is within the range of Bridgman's experiments. Remember: there is

(p + p0)2 some uncertainty as to the value of P, to use.

] R-Rp
% reduction: 100 R = 12.76946

This is high compared with the value on p. 558 of Ref. [7], 8%. If that result were right, this would make the value of R
equal to 1.5456 p-ohm. In that case, the correct value of Pg to use here would be 1.159093 x 106 atm. This is close to
the second compression transition point, 1.1980 x 106 atm. See pp. 118-121 of Ref. [2] for more discussion of these
points.
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4. Derivation of the New Electrical Resistivity Equation for Semiconductor Elements

The same definition of resistivity applies to semiconductor elements as for metallic elements: mass per unit time per unit
volume. However, the high electronegative character of the semiconductor elements, including B, C, Si, S, Ge, and Te, causes
them to vibrate thermally in time rather than in space. (Note that B, boron, is nominally an electropositive element, with
rotational displacement 2-1-3, but it often assumes the equivalent 2-2-(5) electronegative rotational displacement; a single B
radical may have the -3 valence, etc.) Sometimes gray-Sn and Se are counted as semiconductors, but they are really
metalloids and so for them we use the metallic resistivity equation.

The temperature of the beginning of conduction for semiconductor elements, Ty, is calculated the same way that the
temperature of superconduction is calculated for the metallic elements, namely twice the value of Tg, the temperature at which
the specific heat curve of the atom (not the aggregate) crosses the zero point of specific heat (see Ref. [2]).

The thermal vibration in time, with dimensions t/s, equivalent to the normal dimensions of energy, starts at 0 and increases with
T. The energy of the atom-electron ensemble is defined as 4k(T-Tpc), where k is Boltzmann's constant (the atoms and the
electrons of the solid are in thermal equilibrium). If we were dealing with electrical conductivity we would use this expression
directly, but we are using its inverse here, resistivity, so the correct expression to use is 1/(4k(T-Tpc)). Physically the resistivity
must be infinite just prior to the beginning of conduction and must asymptotically decline with T; thus an exponential expression
is required.

Also because of the thermal vibration in time, the key variable, T, must be in the denominator of the expression, not the
numerator. As with other Reciprocal System equations, whenever the key variable is in the denominator it must be squared.
To balance the dimensions, the square of the appropriate natural unit of temperature must be placed in the numerator. In this
case, the correct natural unit temperature is the inverse of the normal solid state unit temperature and is denoted byT; i u-

Putting all this together, and using ohm-cm, rather than p-ohm-cm, we have
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SO i 1 Ih
W —_—
Psemic ‘= Pu .(Tt_inv_uz) . Z'T . ?—u . e{ 4k.(T_TbCJ hm- (12)
10° (T - Tbc)2 Vue  datom te_mod onm-em (T'> Tho)
St—us) dy —E
(tpz'tS) i

Undoubtedly there will be a probability distribution of atoms with temperature higher than Ty when the bulk temperature is Tpc
and below, and this will contribute some aggregate conduction before Ty, but this can be neglected for the present.

We will now apply Eqg. (12) to each of the semiconductor elements in turn. Ref. [10] contains the experimental data for

comparison.
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B, Boron Resistivity
tS =2 datom =2

w:=10.8110 Z:=50 sp:=1.5725 Vyc:=391.422 T:=300 te:=-5 tp:==2
Tpe = 19152 T := 300 te_mod = —7
_ . i
W SO -
2y Z.— — 4k-(T-Tpc)
p Tt i s
og = ”6.( tinv_u ) - . - Lty | © - pg = 8.74425x 10°  ohm-cm
107 (T-Toe)” —2. 220 | [ te_ mod
(St u ) u 1
3
2
i (tp 'tS) _

Ref. [10], p. 402, for B-rhombohedral, at 300 K, gives the intrinsic conductivity in the range 10-7 to 10-6 (ohm-cm)-1. Converting

to resistivity, we have
1 7 1 6 -
PB_obsl = ——— PB_obs1 = 1x 10 PB_obs2 = — ¢ PB_obs2 = 1x 10 Take your pick.
10 10

The temperature graph follows.
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Figure 2. Resistivity of Boron
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C, Carbon (Diamond) Resistivity

w:=12.0107 Z:=8 SO = 1.5382 Vuc = 45.356 T := 300 te =4 tp =2 ts =2 datom =2

Tpe := 287.28 so conduction begins just before room temperature te_mod = —4  (no change)

7. W S0 —(l )
2 - — 4k (T-Tpe
T
o = 2N ( Linv. u ) 1w e pc = 8.10777x 10%°  ohm-cm

10° (T=Tpe)? _Yue_ datom te_mod |-

(St_us) u 1
3
i (tpz'tS) |

Ref. [10], p. 14, states: "Due to the large band gap (5.48 eV) and the high ionization energy of donors, most diamonds are
insulators at room temperature.” And on p. 15: "Most electrical, optical and thermal properties of diamond are extrinsic; i.e.,
strongly dependent on the impurity content, the most important impurites being nitrogen and boron.” The very high resistivity

calculated here is thus verified to the extent it can be.

The temperature graph follows.
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Figure 3. Resistivity of Carbon
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Si, Silicon Resistivity

w:=28.0855 Z:=8 sg:=2.3287 V¢ :=158.569 T:=300 te:=-4 =3 (5:=2

The := 95.76 datom := 4.984 te_mod := -4 (no change)

_ . _
w S0 - -
2) 2~ 4%(T-T
pgi: Pu (Tt_inv_u ) 1 St_u e ( bc)
T | | i = 28.32788 ohm-
10° T - The) Ve datom te_mod 2 PSi ohm-cm
(St u3) dy E
3
L (tpz'ts) ]

Ref. [10], p. 21, gives the intrinsic electrical conductivity of Si as 3.16 x 10-2 (chm-cm)-1. Thus,

PSi_obs = ;_2 Psi obs = 31.64557 ohm-cm
3.16-10
It's amazing that other references give very different values:
Lange's Handbook of Chemisty: p =.1 ohm-cm
Handbook of Physical Quantities: p = 230000 ohm-cm
Wolf, Semiconductors: p = 113636 ohm-cm

Podesta, Understanding Properties of Matter: p =.1 ohm-cm

Madelung's work is the most authoritative, and it comes closest to the value calculated by the Reciprocal System.

28



The temperature graph follows.
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Figure 4. Resistivity of Silicon
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S, Sulfur Resistivity

Unfortunately, we have to make an adjustment in Ty to fit the resistivity data at room temperature; the value is not 2
or 8 but 6.377 times the regular value of 2 x To. One, therefore, wonders about the specific heat calculations for

sulfur....maybe T, is multipled by a mixture of 2 and 8. Anyhow, it's an insulator!

w:=32.0650 Z:=18 sg:=2.1097 Vyc:=433.779 T:=300 tg:=-2 th:=3 tg:=2 daom:=4.984

Tpe =229 T :=295 te_mod = -2 (no change)
_ ) -
W SO - -
2\ Z-— — 4.k (T=T
. Pu (Tt_inv_u ) 1 St_u e ( bc) 15
S ': . . . _ _
6 V d 2 pg = 7.7123x 10 ohm-cm
10 (T _ Tbc) uc atom te_mod
(St u3) u 1
3
2
(tp 'tS)

Ref. [10], p. 423, gives the intrinsic electrical conductivity of S at T = 295 K as 11 x 10-17 (ohm-cm)-1. Thus,

1

110 PS obs = 9.09091x 10" ohm-cm

PS obs = 17

The temperature graph follows.
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Figure 5. Resistivity of Sulfur
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Ge, Germanium Resistivity

W= 72,6400 Z:=32 Sp:=2478 Vi c:=179.071 T:=300 te:=-4 th:=3 t5:=3

The :=51.87  datom := 8.366 te_mod = —2
_ . _
w S0 - -
2 Z-— — 4.k (T-T
0 Pu (Tt_inv_u ) 1 St u e (T-Toe)
e | ' ' — 47.35187 ohm-cm
6 2V d 2 e
10° (T~ Toc) u03 e;tom te_mod €
(St_u ) u 1
3
2
(tp 'tS)

Ref. [10], p. 49, gives the intrinsic electrical conductivity of Ge as 2.1 x 102 (chm-cm)1. Thus,

) 1
PGe_obs = ~
2.1-10

The temperature graph follows.
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Figure 6. Resistivity of Germanium
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Te, Tellurium Resistivity

Z:=3 s0:=228239 Vyc:=98.732 T:=300 te:=-2 =4 15:=3

w = 127.6
The := 27.93  datom := 16.234 T := 293 te_mod =7
w S0 | 1 ]
PTe = o -(Tt—inv—uz) 1 Cstu o4k (T-Toc) =0.3338  ohm-
10° (T-The) Vuc  datom te_mod 2 pTe = 0. ohm-cm
(St_u3) G 1
. (t|02'ts)3 i

Ref. [10], p. 431, gives two values for the intrinsic electrical conductivity of Te: 1.56 (ohm-cm)-1and 3.04 (ohm-cm)-1. Thus,

= PTe obsl = 0.64103 ohm-cm

PTe obsl = 15
1

»

PTe obs2 = 0.32895 ohm-cm

3.04
Presumably, the smaller resistivity is in the crystal direction with the smaller interatomic distance.

PTe obs2 =

The temperature graph follows.
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Figure 7. Resistivity of Tellurium
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5. Resistivity of Anisotropic Elements

For metallic elements, we simply replace so, the shortest interatomic distance in Eq. (4), with the interatomic distance in the
desired resistivity direction, Sapiso-

7 w Saniso
T-Tsc 1 stu | 1 T
Paniso = Pu'( ) : —_ p-ohm-cm (13)
Ty Vuc datom te mod 2

(St_us) G 1

3

2
(tp 'tS)

Therefore the ratio of resistivities in different crystal directions should be equal to the ratio of the interatomic distances in
those directions. Nye, on p. 205 in Ref. [11], which is based on the 1926 International Critical Tables, gives the
resistivity values, pa, pp, pc, for the three principal crystal directions (a, b, ¢) of Sn, Bi, Cd, and Zn. In each case, pa = pp,
and p¢ > pa and pc > pp. The interatomic distances in the different directions are not given, but c is always greater than a
or b so we can conclude that we have at least qualitative agreement. Unfortunately, there does not seem to exist a
comprehensive compilation of resistivity data along the three principal crystal axes of each metallic element.

Similarly for semiconductor elements:

w Saniso | [;} h
Paniso_semic ‘= o '(Tt_inV_UZ)' Z'T e T hm- T>T 14
— 10° (T—Tbc)2 Vue  datom te._mod 2 ohm-cm ( bc) (14)
St—u3) dy —l
(tpz'tS)3

Again, there is insufficient data for us to set up a comparison between theory and experiment, but the resistivities in the
different crystal directions should be equal to the ratio of the interatomic distances in those directions.
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6. Resistivity of Amorphous Elements

Vue

. w . ,
For metallic elements we replace the crystal mass per volume term, ZT/ (—3 in EQ. (4), with the
St u )

term y/y, where vy is the measured density of the amorphous specimen, in amu / angstrom3, and v, is the natural unit of
density, here 1 amu/2.9143 = .04041 amu/angstrom3. We also must replace the sgterm by Samorph D€CauUse in an

amorphous solid the controlling interatomic distance is the longest, not the shortest, distance. So, Eg. (4) is modified to

Samorph
0 0 .(T—Tsc)'l' St_u '_ 1 ]
amorph ‘= Pu Ty Yy  datom e mod 2 p-ohm-cm (15)
dy — 1
3
2
(tp 'tS)

Similarly, Eq. (12) for semiconductor elements is modified to

,)  Zamorph [WTJ
Pu (Tt_inv_u ) Y Stu | e be

6 2’ d 2
10° (T Tpe)” Yu oM te_mod ohm-cm  (T>Ty)  (16)

dy
(tpz'tS)

Pamorph_semic ‘=

w|K
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Unfortunately none of the References listed have a compilation of experimental resistivity values for amorphous metallic
and semiconductor elements. There are various isolated values given in the physics literature, but there is too much
uncertainty here to set up a comparison betwee theory and experiment. Ref. [12], p. 74, says "...the difference in
resistivity between the crystalline and amorphous states for dielectrics and metals is always less than an order of
magnitude and is generally less than a factor of 3. For semiconductors, however, resistivity changes of 10 orders of
magnitude between the crystalline and amorphous states are not uncommon..." It's fairly clear, by inspection, that the
reduction in density of an amorphous solid is more than offset by the increase in the characteristic interatomic distance.

7. Resistivity of Heterogenous or Multiphase Mixtures
Our treatment for this case is the same as that described on pp. 85-88 of Ref. [13]. Let p;j be the resistivity of the ith phase

of a heterogenous metallic or semiconductor mixture and ¢; be its volume fraction. Then, by inspection, the resultant mixture
resistivity is computed from

o = Vi/ZV;

'
Pmix -= Z (Pi'¢i) u-ohm-cm or ohm-cm, as appropriate (17)
i
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8. Resistivity of Metallic Alloys--Disordered Solutions
Binary Alloys

Ref. [4], p. 46, states: "Any of the electropositive elements can ... mix in any proportions except to the extent that geometrical
considerations intervene." Consider binary alloys first. Let the decimal atomic fraction of the solute element be xx1, and
therefore that of the solvent element be 1-xx;. The resistivity curve, p i, is parabolic as concentration of the solute componen
increases from 0 to 1. This can be seen by studying Eq. 11: the solute atoms create a negative pressure (-P in the equation)
because the atomic rotational force is repulsive; this negative pressure reduces the denominator and thus increases the
resistance of the solid solution in a quadratic manner.

The concentration factor, c, is the focal length of the parabola, the sum of the resistivity per unit mass of the atoms in the unit
cell of each element (prior to mixing) divided by the average resistivity:

|
p
oo 0 N P1 J 2 (18)
Zo-wog Z1-W (po+91)

The subscript O is for the base (or solvent or initial) component. A parabolic shaping factor, aa, can be defined in terms
of c:

1 "
aa = —

4.c (19)
By geometry, the value of xx at which resistivity is maximized is

1
Z'(Pl —pot aa)
XX1_max = (the minimum value of aa is |p;—py|, so that (20)
aa XXmax Will not exceed 1)

The maximum value of resistivity is then

]
2
Pmax ‘= PQ T a&-XX1_max
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The resistivity of the binary alloy, p; , can then be simply expressed as

o
PO 1= Pmax~ aa-(xxl - XXl_max) p-ohm-cm (21)

Note that if the components are interchanged, that is, the original component becomes the solute component and the
solute component becomes the solvent component, the value of po 1 at the new xx computes to be the same as the
value of p, ; at the old 1-xx.

40
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Sample Calculation for Gold Silver

PAL=2.329  ppgi= 1562 way = 196.96655 wag = 107.8682 Za = 4 Zng =4
PO = PAu P1:= PAg W = WAy W1 = Wag Zo =Zpu Z1 :=2Zpg
Po P1
C:= + j 2 c = 0.00338 aa = L aa = 73.95939
Zo-wg Z1-Wq (p0+p1) 4.c

(aa is in units of resistivity)
.5-(p1 -po+ aa)
aa

XXl_maX = XXl_maX = 049481

Pmax = PO + aa-xxl_max2 Pmax = 20.43734 p-ohm-cm

30

2 . e )
pmax—aa-(Xx-Xx1_max) Figure 8. Resistivity of Au-Ag

I
0 0.5 1

XX

But the resulting graph for py 1 is not in close agreement with the curve shown on p. 4-76 of Ref. [14]; the maximum
value of p there is approx. 11. However, Ref. [15], pp. 47-48, reports a study by Linde indicating that a 1% atomic
increase of Ag in Au increases resistivity by .38 p-ohm-cm. Extrapolated to 50%, this implies a maximum resistivity
of the alloy of 19 p-ohm-cm, which is close to our calculation. Therefore the experimental curve may be for a more or
less ordered, not disordered, solution.
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Sample Calculation for Platinum Palladium

ppt = 10.785 ppg = 11.061 Wpi == 195.078 wpq := 106.42 Zpti=4  Zpg:=4

PO = PPt P1:=PPd W0 = Wpt W1 = Wpq 2o = Zpt Z1 = Zpt
PPt PPd
C:= j + . 2 c = 0.00364 aa = L aa = 68.60198
Zp-Wo Z1-W1 (p0+p1) 4.c
.5-(p1 -po+ aa)
XXl_maX = aa XXl_maX = 050201

Pmax = PO + aa-xxl_max2 Pmax = 28.07377  p-ohm-cm

30

20 - -

2
pmax-aa:(Xx-xx1_max) Figure 9. Resistivity of Pt-Pd

10 - -

XX

The resulting graph for p, 1 is in close agreement with the curve shown on p. 4-76 of Ref. [14].
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Sample Calculation for Potassium Rubidium

pk =6.383  pRrp:=13.031  wg :=39.0983 wRp := 85.4678 Zk =2  ZRrp:=2
PO = PK P1:= PRDb W0 = WK W0 = WRb 2o = ZK Z1:=ZRp
PO P1
C:= + j 2 c = 0.01015 aa := L aa = 24.62057
wo-Zg W1-Zq (p0+p1) 4.c

.5-(p1 -po+ aa)
aa

XX1_max = XX1 max = 0.63501

Pmax = PO + aa-xxl_max2 Pmax = 16.31091 p-ohm-cm

20 - -

2
pmax-aa:(Xx-xx1_max) Figure 10. Resistivity of K-Rb

XX

The resulting graph for p, | is in close agreement with the curve shown on p. 4-76 of Ref. [14].
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Sample Calculation for Indium Lead

pin =8.848 ppp:=22.394  wy :=114.818 wpp = 207.2 Zin =2 Zpp =4
PO = PIn P1:= PPb W0 = Win W1 = Wpp 20 = 2n Z1 :=Zpp
PO P1
C:= + j 2 c =0.0042 aa:= 1 aa = 59.57636
wo-Zg W1-Zq (p0+p1) 4.c
.5-(p1 -po+ aa)
XX1 max == XX1 max = 0.61369
_ aa _

40

2
pmax-aa:(x-xx1_max)” 59 |- N Figure 11. Resistivity of In-Pb

XX

The resulting graph for p, | is in close agreement with the curve shown on p. 4-76 of Ref. [14].
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Sample Calculation for Copper Zinc

pcy = 1.683 pz,:=6.091 Wy = 63.546 wzp = 65.409 Zcy =4 Zzpn =2
PO = PcCu P1:="Pzn Wp = WCuy W1 = Wzp Zg =Zcy Z1 :=2zp
PO P1
C:= + j 2 c = 0.01368 aa := i aa = 18.27214
wo-Zg W1-Zq (p0+p1) 4.c
.5-(p1 -po+ aa)
XXl max = XXl max = 062062
_ aa _

Pmax = PO + aa-xxl_max2 Pmax = 8.72088 p-ohm-cm

10

pPmax—aa- (XX—Xxl_max)2 S

Figure 12. Resistivity of Cu-Zn

XX

At xx = .5, the resistivity iSppax — aa-(.5 - XX1_max)2 = 8.45503 p-ohm-cm. Ref. [6], p. 219, says it's 6.3.
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Sample Calculation for Platinum Iridium

ppt = 10.785 pj = 5.135 Wpt := 195.078 wj; == 192.217 Zpt =4 Zy = 4
PO = PPt P1 = PlIr W0 = Wpt W1 = Wir 2o = Zpt Zy =2y
PO P1
C:= + j 2 c = 0.00258 aa = L aa = 97.07296
wo-Zg W1-Zq (p0+p1) 4.c
5:{p1—pot+aa
XXl_maX = ( aa ) XXl_maX = 04709

Pmax = PO + aa-xxl_max2 Pmax = 32.31045 p-ohm-cm

40

2 on L i . o
pmax—aa: (Xx-Xx1_max)~ 20 Figure 13. Resistivity of Pt-Ir

XX

At xx = .1, the resistivity is  pmpax — aa-(.l — XX1_max)2 = 18.95657 p-ohm-cm. Ref. [6], p. 219, says it's 24.8.
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Sample Calculation for Platinum Rhodium

ppt:=10.785 pRrp=4.631  wpt:=195.078 WRp:=102.9055 Zpi:=4 Zrh =4

PO = PPt P1 = PRh W0 = Wpt W1 = WRh 2o = Zpt Z1 = ZRh
PO P1
C:= + . 2 c = 0.00325 aa := L
wo-Zg W1-Zq (PO + pl) 4.c

.5-(p1 -po+ aa)
XXl_maX = aa XXl_maX = 045997

Pmax = PO + aa-xxl_max2 Pmax = 27.04584 p-ohm-cm

40

Pmax—aa'(XX—Xxl_max)2 20 Figure 14. Resistivity of Pt-Rh

I
0 0 0.5 1

XX

At xx = .1, the resistivity iSp pax — aa-(.l - XX1_max)2 = 17.08688 -ohm-cm. Ref. [6], p. 219, says it's 18.7.
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Sample Calculation for Copper Gold

pcuy = 1.683 ppy:i=2.329 wgy = 63.546 Way = 196.96655 Zcy:=4 Zpay =4

PO = PcCu P1 = PAu Wp = WCuy W1 = WAy Zg =Zcy Z1:=Zpy
Po P1
C:= + : 2 c = 0.00477 aa := L
wo-Zg W1-Zq (PO + pl) 4.c

.5-(p1 -po+ aa)
XXl_maX = aa XXl_maX = 050617

Pmax = PO+ 33 XX1_ max- Pmax = 15.09888 p-ohm-cm

20

’ B i : L )
pmax—aa: (Xx-xx1_max) 10 Figure 15. Resistivity of Cu-Au

|
0 0 0.5 1
XX

The resulting graph is close to that shown on p. 26 of Ref. [15].

48

Many other binary alloys are covered in Ref. [15], but their resistivity curves are similar to the ones already covered

and so there should no difficult in applying the above equations to these other alloys.
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N-ary Alloys

The above equations can be generalized to alloys with more than two components, as follows (n = N-1).

PO P
C1 := + | 2 (22)
wo-Zo Wi-Z1 (po+91)

PO P2 2
Co = + .
wo-Zo W2-Z2 (po+Pz)

]
PO Pn 2
Ch == + .
Wo-Z0 Wn-Zp (po+Pn)

The value of resistivity when the solutes have fractional concentrations of xxq, XXy, ..., XX, IS

]
(xx1 - XX1_max)2 + (xx2 — XX2_max)2 + o+ (xxn — xxn_max)2 = —4-c1-02-....cn-(p — Pmax) (23)

A parabolic shaping factor, aa, can be defined in terms of the c;, as before:

1 |

4-(c1-c2-....cn) (24)

aa =

49
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The individual maximum coordinates are computed from

1
= (p1-pn+aa (25a)
~—+(p1-po+aa)
XX1 _max =
aa
i'(pz —pot aa) l
2 (25b)
XX2 max =
aa
—%'(Pn—%*aa)l (25¢)
2:n
XXn_max =
aa
The maximum value of resistivity is then
_ ( 2 2 2)' (26)
Pmax = Po +@a&-\XX1_max +XX2_max + .-+ XXn_max w-ohm-cm
The resistivity of the N-ary alloy, p, , can then be simply expressed as
2 2 27"
PO n = Pmax — aa-[ (xxl — XX1_max) + (xx2 — XX2_max) +oe (xxn - xxn_max) ] 27)

p-ohm-cm
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Sample Calculation for Constantan

Constantan is an alloy comprised of Cu, Ni, and Mn. It's commonly used in thermocouples, so let's calculate its
resistivity.

N:=3 n:=N-1 (number of solutes)
pcy = 1.683 pNj = 6.413 PMn = 223.47 (all' in p-ohm-cm)
Zcy =4 ZNj:=4 Iyn =4
Wey = 63.546 wyi = 58.6934  wp, = 54.938049
PcC PNi
cl = L J 2 c1 = 0.00838
WcuZcu  WNi-2Ni (pc:u + pNi)
c PCu N PMn j 2
2= ' _
weuZou | Whin-Zwn) (pcu+ Pn) c2 = 0.00909
1
aa = aa = 3279.83489
4.c1-Cp
1
E'(PNi ~—Pcut aa)
XXNi max == XXNi max = 0.25036
_ aa _
1
E'(PMn —Pcut aa)

XXMn_max = aa XXMn_max = 026691
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. ) 2 2
Pmax = PcCut aa'(XXNl_max + XXMn_max ) Pmax = 440.91476 p-ohm-cm

XXNj = .469 XXMn = .0112 (known data for Constantan, from Ref. [7], p. 559, converted to at. %)

2 2
PO n = Pmax— aa'[ (XXNi - XXNi_max) + (XXMn - XXMn_max) ]

po_n = 69.67536  p-ohm-cm

Ref. [7], p. 559, says the value is 50 un-ohm-cm. In order for that to be the case, the fraction of the Ni would
actually have to be .482--this is only 2.77% greater, so we can probably claim success for the calculation.
Here's the 3D plot:

2 2
PO_n(XXNi aXXMn) = Pmax — aa'[ (XXNi - XXNi_max) + (XXMn - XXMn_max) ]

Figure 16. Resistivity of Cu-Ni-Mn

04 & X ",.‘\ \

& o. AR \,‘ )
\'s ”‘:‘
A‘ 0” As expected, planar cuts of the

6 . surface give parabolic segments.

PO n
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Sample Calculation for Iron Nickel Chromium

N:=3 n:=N-1 n=2 (number of solutes)
PFe := 9.137 pNj = 6.413 pcr = 12.323 (all in p-ohm-cm)
Zpe =2 ZNj =4 Zeoy =2
Wre = 55.845 wyi = 58.6934  wcy = 51.9961
PF PNi
cl = e 0 j 2 c1 = 0.01404
Wre'ZFe  WNj-ZNi (pFe+PNi)
c PFe N PCr 2
2= : _
Wre'ZEe Wer-Zor (PFe+ PCr) co = 0.01867
1
aa = aa = 954.18344
4.c1-Cp
1
E'(PNi ~PFet aa)
XXNi max = XXNi max = 024929
_ aa _
i'(PCr ~PFet aa)
2-2

XXCr_max = aa XXCr_max = 0.25083
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2 2
Pmax = PFe T+ aa'(XXNi_max + XXCr_max ) Pmax = 128.46883 up-ohm-cm

XXNj == .285 XXcr = .215

PO n = Pmax — aa-[ (xxNi - xx[\”_max)2 + (xxCr — xxCr_max)ZJ po_n = 126.02651 p-ohm-cm

Ref. [9], p. 329, shows graphs of resistivity for Iron Nickel Chromium for various concentrations. For the
concentrations used above, the experimental value from the appropriate graph is 100 p-ohm-cm.
Therefore the calculation is within the "ballpark” but the spread is greater than we would like. Again, the
formulae are very sensitive to concentration, so a mistake in the given solute concentrations could

possible explain the spread.
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2 2
PQN”Wb“Q):me_a&[@mﬂ—mMJmﬁ +@NH—W@me)]

PO n

Figure 17. Resistivity of Fe-Ni-Cr

As expected, planar cuts of the
surface give parabolic segments.
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9. Resistivity of Metallic Alloys--Ordered Solutions, Intermetallic Compounds

Unlike the disordered alloys considered above, intermetallic compounds have fixed proportions of the elements. The

resistivity can be calculated using the same equation as that for an individual element but substituting the data for the
compound. Let subscript 1 apply to the first element and subscript 2 apply to the second element. Then Eq. 4 can be
rewritten as

o1, pudu  so [ Zywi(T-Tsc 1) 1 . Zo-wo-(T - Tsc_2) 1
1 9= . . : :
- Vuc st u-Tu datom_1 te_mod_1 2 datom_2 te_mod_2 (28)
(St_u3) 1 1
3 3
2 2
. (tp_l 'ts_l) (tp_2 'ts_2)
It's easy to generalize Eq. 28 to apply to any number of elements for a compound.
N _n
pu-du S0 Zi'Wi'(T—Tsc_i) 1
P1 n = v : Z . ' 2
uc  StuTu & datom_i te mod |
( 3) = = (29)
St u 1
3
2
L (tp_i 'ts_i)

n
(Of course, Z Zi:=Z for the unit cell; the resistivity is in the same direction as s;)

i=1
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Sample Calculation for Gold Copper, AuCuy,

Here:

Vyc :=52.642  sg :=2.6365 T := 473.15 (based on graph on p. 119 of Ref. [15] for 200 deg. C)

Z]_ =1 wq = 196.96655 Tsc_]_ = 23.94 datom_l = 13.942 te_mod_l =195 tp_]_ =4 tS_l =3

Zz =3 W2 = 63.546 TSC_2 = 47.88 datom_z = 8.366 te_mod_z =13 tp_z =3 tS_2 =2
e pudu  so [ Zg-wi(T-Tsc 1) 1 , Z2wa(T-Tsc 2) 1 |
1 2:= . . . .
- Vue st u-Tuy datom_1 te mod 1 2 datom_2 te mod 2
(St u3) 1 1
3 3
2 2
_ (tp_l 'ts_l) (tp_2 'ts_2) i

P12 = 3.13707 p-ohm-cm

As expected, this agrees with the experimental value reported in Ref. [15], for 25% (atomic) Au. Resistivity
calculations for many other compounds are provided in the Reciprocal System Database, Ref. [5].
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10. Resistivity of Semiconductor Elements with Metallic Impurities

Typical metallic impurity concentrations in semiconductors range from 1015 to 1020 atoms per cubic centimeter, which is
very dilute, so the fractional volume method and the pressure solubility method given above do not apply to this situation.
This leaves the mass fraction method as the proper way to go.

The added metallic atoms increase conductivity. Let omix be the conductivity of the mixture, omet be the conductivity of the
metal element, ¢met be the mass fraction of metallic element, wpet be the atomic weight of the metal element, wsemic be
the atomic weight of the semiconductor element, Cyet be the number of metallic atoms per cubic centimeter, and Csemic
be the number of semiconductor atoms per cubic centimeter. Then, for a binary mix we have

CmetWmet '

met-Wme

dmet = . _ (30)
Cmet'Wmet + Csemic*Wsemic

]
Omix = Smet Pmet + Gsemic'(l - ¢met) (31)

Sample Calculation for Silicon and Aluminum

Cali=1.10"  wpj = 26.981538 oy = ;6 G a = 3.80228x 10° ohmt-cm-
2.630-10
Wsj = 28.0855  ygi=2.33 Cgji= V’t—;-ySi Csj = 4.99828 x 1022
|
1 bal - CAl-wa|
e - -1 -1 Al = _
osi-= 28.32788 osi = 0.0353 ohm=-cm Cal-wa| + Csj-ws;j da = 1.922046 x 10 8
1
Omix = SAIrdAI+Osi"(1-0a)  Omix = 0.04261 P mix = Pmix = 23.46918 ohm-cm

G mix
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Sample Calculation for Germanium and Aluminum

Wee = 7264  yge =5.321 Cge = =Y yce Coge = 4.41331x 1022
WGe
bal - CAl-Wa| 1
Al = _ — _
Cal-wal + Cee WGe a1 =0 OGe = 47.35187 oGe = 0.02112 ohm-1-cm-1
1
Omix = SAI'0AI+ OGe (1-0a)  Omix = 0.02432 P mix = Pmix = 41.12072  ohm-cm

100
1 10
Cp-wal Cp-wal
GAl : - [+OSi 1 . : 1
Cp-WaI+Csj-Ws; Cp-wal+Csj-ws;j
= 0.1
Cp-wal Cp-wal '
GAl +oGe| 1
Cp-WaAI+Cge WGe Cp-WAI+Cge'WGe 0.01
110 15 I 16 I 17 I 18 I 19 20
1-10 1-10 1-10 1-10 1-10 1-10
Cs

Figure 18. Resistivity of Si Doped with Al, Ge
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The resulting graphs agree in a general way with those on p. 309 of Ref. [16], except that in ours the resistivity is
higher for Ge than with Si; some of the empirical data reported in Ref. [16] is now obsolete and has been
superceded by that in Ref. [10].
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Semiconductor compounds may consist entirely of semiconductor elements or a combination of metallic and
semiconductor elements. For a semiconductor compound with only semiconductor elements, the general equation for

resistivity is

: 1 ]
73 {4k (T-T )}
2 JR— . _ .
0 = p (Tt_inv_u) So-duy Z I1 e be_
semic_compound -~ Pu- Vv ) ) 5
uc3 Stu i datom_i'(T - Tbc_i) te_mod_i (T>The) (32)
(St_u ) 1
3 ohm-cm
2
L L (tp_i 'ts_i) i
For a mixed compound:
w2 | el |
Pu-tu— 2 4.k (T-T
0 ' . St u ' (Tt_inv_u ) . Z1-W1 e ( bc—l)
semic_met - s Vue o1 2 datom 1 I 2
10°. ( bc_l) - te mod_1
3
(stu) . T > Toe 1 (33)
2
__(tp_l 'ts_l) o
N T—Tsc_z. Z-W1 . 1 ] > 1sc_2
Tu datom_2 B te_mod_2 ]
1 ohm-cm
3
2
i __(tp_z -ts_2) I

(All temperatures are in K, as usual.)
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Sample Calculation for Gallium Arsenide

Whereas the individual elements of Gallium and Arsenic are metallic and have metallic resistivity, when
they are combined in GaAs (with an electronegative-type bond) their electronegative natures dominate and
so the compound has semiconductor resistivity.

Vic = 180.717  sg:=2.4712 Zga:=4 Zas:=4 Wgg:=69.723 wag:= 74.913

Tsc_Ga = 15.96 TbC_AS = 47.88 datom_Ga .= 8.366 datom_AS = 8.366 T:=293.15 K

tp_Ga = 3 tp_AS = 3 ts_Ga = 3 tS_AS = 3 te_mOd_Ga = 35 te_mod_AS — 25
TSC_AS = 47.88 TbC_Ga = 15.96
q so | [ 1 } 7
Pufur 2 Ak (T-T
p . St_u (Tt_inv_u ) ZGa'WGa e ( bC_Ga)
GaAs -~ . . .
2
3
(St_u) 1
3

2
(tp_Ga 'ts_Ga)
1

4.k (T-Tpe_as)

2
(Tt_inv_u ) . Zps WAs e

2
(T - Tbc_As) datom_As te_mod_As

Wl

2
(tp_As 'ts_As)

PGaAs = 4.95934 ohm-cm
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This is somewhat lower than the value read from Fig. 2.11.12 of Ref. [10]. But note that our calculation is for
resistivity along the line from a Ga atom to an As atom--in which the interatomic distance is sg.

Here's the graph, but plotting ¢ instead of p so as to be able to compare with Fig. 2.11.12 of the CD of Ref. [10].:

ohm1-cm-1
10 T
_ _ -1 1r 7]
o )
pu-dy— 2 4ok-(TT-T
St u (Tt_inv_u ) ZGaWGa e ( bc_Ga) 0.1r
V 2d 7
108. Y€ | (TT-Toc_ca) atom_Ga te_mod_Ga
3 —
(St_u) 1 0.01
el ] |1
p_Ga '!'s_Ga/ | 1-10 —
1
2 4.KA\T-T _
(Tt_inv_u ) ZpsWAs e ( bc_As)_ 1104 L
+ 2. d .
(T—Tbc_As) atom_As te_mod_As -
1 110 —
(t %t )3 -6
i i p_As '!s_As 41 1410 —
110 '
100 200 300 400

TT
Figure 19. Resistivy of GaAs

The curve is identical in shape, but somewhat offset from, the curve referenced above, for vacuum-annealed GaAs. To
secure closer agreement, one could modify the values of te_mod_Ga and te_mod_As, but this would then lessen the
predictive power of the equations--and would go against the Reciprocal System's prohibition of the use of adjustable
parameters.
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There are numerous other semiconductor compounds, many of which are presented in Ref. [7] and Ref. [10], but it should be
obvious how to apply Egs. (32) and (33) to these.

Conclusion

In the Reciprocal System, ordinary (non-static) electrical current is comprised of massless, chargeless electrons. Solid state
band theory is therefore not used, and so the Reciprocal System has no need for electrons with "effective mass," "holes" of
any kind ("light" or "heavy") with any "effective mass," phonons, excitons, energy gaps, acceptors, or donors. The electrons
have no charge here and so there is no need for "charge balancing.” Equations for the resistivity of metallic and
semiconductor elements and compounds and alloys have been derived from the principles of the Reciprocal System. There
are no adjustable parameters used; all structural constants come from the theory. The electric displacement of an element is,
of course, modified somewhat by the passage of electric current; but this is to be expected on the basis of the theory. The
agreement between the resistivity data and the calculations is, on the whole, very good, and is within the level of uncertainty of
the experiments.
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