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ABSTRACT: In this paper we review some results of our previous papers involving Riemann
Hypothesis in the sense of Operator theory (Hilbert-Polya approach) and the application of the

negative values of the Zeta function & (1—S) to the divergent integrals '[Xs_ldx and to the
0

problem of defining a consistent product of distributions of the form D"5(x)D"5(X) , in this

paper we present new results of how the sums over the non-trivial zeros of the zeta function

Zh(p) can be related to the Mangoldt function ¥',(X) assuming Riemann Hypothesis.
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1.Spectral Zeta function ¢, (s) and Riemann Hypothesis :

In case Riemann Hypothesis (RH) is true, in a previous paper [6] we give the physical
equivalence between the explicit formula for the Chebyshev function ¥ ,(x) and the

formula for the trace of the Unitary operator U =e" , Where H is the Hamiltonian

operator g(%Jr iH j|¢“> =0, that is H is precisely the Hilbert-Polya operator solution to

Riemann Hypothesis , let be the integral representation
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Letting x =e¢", and differentitating with respect to ‘u” we find the (trace) identity
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Using the semiclassical representation for the trace Z e"* in terms of an integral over

n=—ow

Phase Space , we have that the potential V(x) inside Hamiltonian H can not be arbitrary
but must satisfy a kind of nonlinear Urysohn integral equation
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(sum taken over prime and prime powers ) .However (1.3) is too complex to have a
known analytic solution, a good method to solve would be to suppose that the Operator
proposed by Berry and Keating [2] plus an interaction is the correct Hilbert-Polya
operator, in that case H, = xp+aW (x) and we can linearize (1.3) at first order in the

coupling constant “« ’ as

The derivative of the Chebyshev function is defined as

Tr{e‘”ﬁ}—%ziuajidpﬁ{W(x),u} If{W(x),u}zj:dxe‘“X”\N(x) (1.4)

Also, if we introduce the function Z, ()= J' dxe™ 1 with continuos partial

- - k - - - - - - - -y .
derivatives 0°,Z,(n) , then solving (1.3) is equivalent to finding a solution to the initial-
value problem

2,002+ (id AT j )=0
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Expression (1.8) tells us that proving RH is equivalent to show that the ODE given in
1 de(x)
K1

a finite power expansion for V(x) , using (1.5) we could obtain the constants {d, } € R
to get an approximate solution for the potential V(x).

(1.5)

(L5)with {d }eR and d, =———|,, , V(X) = Zd x“ using (1.5) together with



If RH is true and {( +iE j 0 , with E, =—E _, being the eigenvalues of a certain

operator H = p?+V(x) , using expression (1.2) and the functional equation
S(l-s)=2(2n) Cos( 5 jl‘(s)./; (s) ,then for n>0 we can define an spectral Zeta

function , involving the nontrivial zeros of Zeta and primes and prime powers
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The value H E,=e % would be the regularized product of all the positive
n=0

‘Eigenvalues’ { En} this expression can also be used to obtain a Dirac measure for the
E, , let us introduce

>E - [at| > (m ( EiDtH %:TdtKo(t)t“ L.7)

Using the properties of the Mellin transform applied to solve linear integral operators

I[f]= J'dtR(xt) f(t) , if we combine (1.6) and (1.7) we get the result
0
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If we took the Mellin transform I dxx*™ inside (1.8) together with the change of

variable xt=z we would recover equation (1.6) , note that the Mellin transform of the

Kernel K,(2zxt) does not depend on the nontrivial zeros p :%4- it.

Using test functions lh(%ilj inside (1.8) obtained from our Trace formula for
X X

Tr{e‘“‘q} we can relate the convergent sum Zh(p) to a sum over primes and prime
P
powers
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P
Formula (1.9) and its result can be compared with sums za_ (explicit formula for
P

Chebyshev function) and Z(n) = Zin ne N , that can be calculated exactly.

2. Zeta reqgularization for divergent integrals:

Given the function f(x)=x" , we can use the Euler-Maclaurin summation formula to

A
obtain a recurrence relation between an integral of the form I(m,A) = IO p"dp meZ*

A A-1
with mJ' x"dx = A™ and the series Zim , ref [7]
0 i=0
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I(mA)=(m/2)I (m—l,A)+Aiim
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The coefficients a,,, = _[(m+1) vanish when m+2<2r , hence the sum incide
'(m-2r+2)
(2.1) is finite if m is an integer , in the physical limit the cutoff A must be taken to
A1l

infinite , this makes the series Zim to be divergent for m > -1 , in this case we should
i=0
use the Functional equation for the Zeta function to obtain the value

I|mZn “1+2"+3" +. 4+ A" > £ (-m) = (-m) (2.2)

A—>0

(2.2) is the Zeta-regularized value for the divergent sum envolved in (2.1) , using this
method we can compute the divergent integrals 1(m,A) A — o ,form=1,2,3



1(0,A) = (0)=-1/2

1(0,A)

LA)=———+c(-D)
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1(2,A) =(| (o,A)%+g(—1)j—%am| (0,A)
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The case m=0 is just the divergent series 1+1+1+1+1+1+1+1+1+... taking the
regularized value -1/2 .

For an arbitrary function f(x) so its integral would diverge as a power of the cutoff AN™
we could expand f(x) into a Laurent series convergent for |x| <1 and |x| >1 so we find

j'dxf () = icrl (r,A)+c1(a,-1LA)+O(A™) -i}dx(cixi)-ic_jai (2.4)

i=0 o
{ci} ell ,taking A —> o , and using (2.1) (2.2) (2.3) to regularize the divergent

A
integrals 1(m,A) we could obtain a regularized value for the integral J'dxf (x) ,
0

A
however the logarithmic divergent integral I(a,—1,A) = I% can not regularized by our
> X

formulae, the solution would be to use the Euler-Maclaurin summation to approximate
the divergent integral by a divergent Harmonic sum that can be attached a ‘Ramanujan

a

sum’ Yy — —l Y =Euler-Mascheroni constant
n=1 N

0 Zeta regularized product of distributions:

Formulae (2.1-2.3) can be used to compute divergent integrals of the form jxs’ldx , but
0

also could give an answer to the problem of multiplication of two distributions
involving Dirac delta and its derivatives D"5(x) , if we tried to define the product of

distributions involving delta functions we could use the ‘convolution theorem’ applied
to the Fourier transform ( A=normalization constant) :

(27)’I™"D"S(@)D"5 (@) = F, (X" *X") = AF, { [ dttm(x—t)“} (2.5)



Unfortunately (2.5) makes no sense , the integral is divergent for every real or complex
value of “x’ , if m and n are positive integres using the Binomial theorem

i™"D"S(w)D"5(w) = i(EJim+kAD"-k5(a))(—1)ki"-kDm+k5(0)[R] (2.6)
i™"D"S(w)D"S(w) = Zn:(Ejim*kAD”ké(a))(—l)ki”k ((—1)m+k +1)Txm*kdx (2.7)

‘R’ stands for regularization, taking the divergent integrals for the dirac delta and its

derivatives evaluated at x=0 , which is proportional to J' x“dx for k=2r+1 (Odd) the

—00

integral is O , for k=2r the integral can be written as i*D*5(0) =21(2r,A) A — o
(r=integer) and can be evaluated using (2.1) and (2.2) .

The expression (2.7) is real ,this is what one would expect since the product of two
distributions taking only real values must be real , however (2.6 ) is not still invariant
under the change m — n and n — m (this is a mistake we made in paper [7] ) so we
should take a more symmetrical product of distributions defined by

(D"s® D”5)R (w) = %( D"5()D"5(w) + D"5(w)D"5 () (2.8)

The simplest case is m=n=050 (5§ ® §), (@) =-Ad(w)

For the case of ‘m’ and “n’ not being an integer or we have a shifted dirac delta
D*S(x—a) , we could use the identies for the k-th power of ‘X’ or the traslation

operator e® and Dzdi in the form
X

eaDDfa(x):i(—l)iaj—j'D”ia(x)za(x—a) D" =i(rj(D—1)k (2.9)

In case of integrals on  R“ IdkF(IZ) , if the function F , is invariant under Lorentz
Rd
transformations, then making a Wick rotation to imaginary time t — it , then in 4-

dimensional polar coordinates our integral can be evaluated as .[dQJ'drf (n)r** | if not
0

we could replace the integral over dQ by a discrete sum ZIdrf (r,Q)ret
i 0



Appendix A: an integral Trace for the Green function

A formula for the sum 25(E —E,) interms of the Trace of the ‘Resolvent’ (green
n=0

function ) of a Quantum Hamiltonian ﬁ¢n =E, ¢, can be defined as:

1.
Tr{G(x,x',E)} J'de(xxE) 7r25(E E) G(xX, E)—m (A.1)

One of the easiest method to prove this , is to consider that given a convergent series

with sum S and its Borel transform B(s) defined by B(S,a,) = jdt( nl je‘ then
n=0 '+

S=B(S), S = Zan in this case if we take the series

n=0

1 — 'E_l — Efl i(_l)n(ig_ H)“X” :]idtet(lﬂgﬁ) (A2)
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E

Where ¢ is an small number so ¢ — 0, then using the formula for the Principal value

PV (Ej = 25X+
X X+1eg

can give a proof to (A.1) using the technique of Borel resummation.

, In this case taking the trace of the operator inside (A.2) we

Another example of the method of Borel resummation , let be P(x) = Z(—l)”a(n)x”
n=0
the generating function of the coefficients «(n) , let be the function f(t) defined by

a(s-1)= J'dtf ()t>" then using again the Borel-generalized resummation
0

P(X) = jdt(Z( 1)"(xt)" jf(t) Z( D"a(n)x" or P(x)= jdt Q) (A.3)

1+ xt

If we took the Mellin transform on both sides J'dxxs‘1 we Would find

ﬁ(s) = K(s)lf(l—s) , or in terms of improper integrals

sin(zs

Idt(Za(n)( x)j %S; since Tdtf Wt =a(-s) (A.5)



This last formula is known as ‘Ramanujan Master theorem’ , note that we have proved
this only using the fact that for a convergent series its sums and Borel transform must be
equal S=B(S).
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