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Abstract

Dimensional analysis is one of the most importaols of engineers. However edpite
all the benefits that makes it indispensabtecan sometime b& long and tedious
process. This paper describes a very simple methoddlmgyresentthe spacdime
dimensions of physical quantities amdvisual tool usedo perform easy, fast and
accurate dimensional analysis.
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Introduction

Dimensional analysisis a great tool for anyone working with phygidermulas as it
helps to find the unit of a physicglantity, guarantees the validity of an equation and
allows estimations of expected resulBudents, scientists and engineers so often use
dimensional aalysis that it can be considered as a key to a structured approach of
physical lawsand problem solvingHowever, performing dimensional analysis is not
always an easy and fast proce&ssumingdimensions of the basic quantities of the Sl
system can be deiced to space and time only,is then possible to present physical
guantities in such a way that it wouldegtly facilitate dimensional analysis/ allowing
easy andnstantaneous validation of any equation of modern phyAitst an overview

of the oncepts of dimensional analysige will explainhow to build and usa matrix,
whichdisplaysin a coherent wagll the known physical quantities

Dimensional analysisn a nutshell

The basic statement of dimensional analysist he @ Buc ki rf,gdyshatany t heor e
physical quantity can be expressed in terms of its basic constitadlgd dimensions

These constituentausethe fundamentalunits of the adoptedreference frameln the Si

system the units are MKS, as in Meteri Kilogram i Second,and the constituents
(dimensionspre

Name Sl Unit Symbol
Distance Meter L

Mass Kilogram M

Time Second T
Current Ampere I

Light Candela J

Heat Kelvin K
Concentration Mole N

Table 1- Dimensions of the S| system

So awy physical quantity Q can ldimensionallyexpressed as:
[Q] = LAMPT9PK NG (1)

With exponentsfia €0, rgpresenting the influence of each constituemtthe final

quantityand te sign of the exponent indigag direct or inverse (1/x) propodnality.

The notation [ Q] m e ks ispoiant boeotedthatnuejtatethesih o f QO
be meters per second or kilometer per hodosnot really mattem this contextwhile

dimension, which says that a velocity is a length per time, mgsibly be consistent

and is the focus of this paper
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For example, if we examindlewtord s s &w (taw of motion)
F=m*a 2

It statesthat force isequal(or homogeneousp a mass (Kg) times an acceleration @/s
which can baimensimally written as:

[Fl=M*L/T? 3)
Or
[F] = MLT? (4)

Or, more formally:
[F] = L'M*T21°PKON° (5)

The dimensionaldefinition of a quantity is a clear expression of its relation with the
constituentgdimensions)hence revealintheintrinsic role of each quantity.

As long as all physical quantities can be expressed the formal waygcdtmelination
through the equations, multiplying or dividing, only a matter of adding @ubtracting
exponentslt then becomes extremely easyconfirm thehomogeneousitgf an equation
by validating additions and subtractiosfsexponents as in the folving example:

M] = LM T 1P PKONO

*

[a] = L*"MOT21° P KON

[_F] - L0+1Ml+0T0+h2 |0+0y+0 K0+0 NO+O (6)
This means thatof any equation to be valid, the right side loé tequal sign must be
dimensionallyidenticalto the left side This must always be true at the global scale, but
the individual terms of each side might bery different dimension wise, and even
belong to dferent physical domains.
It is also well known that dimensional analysis was used in 1941 by Geoffrey | *faylor
estimate the amount of energy released by the atomic bomb. This information was
classified at this time, but released movies gave enaigimation to Taylor to perform

his analysis and bring the correct answer, as was later confirmed.

Thus, it is clear that dimensional analysis proves to be the reference behind physical
guantity combination orthodoxy.
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The Matrix

It is in fact possible tduild amatrix, which presents all physical quantities and allow the
validation of allp h y s equasonsin a veryfast, simple and visual way This section
will explain how to build such matrix and give the basic rules to use it.

Building the matrix

Basic concepts

We define a matrix whose vertical axis represents time, while the horizontal axis
represents spac&he dimensionless origiior all domaings located at [0,0]
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Figure 1- Thematrix foundation

Based on these premises, it is easy to place the basic elements of db#ingpa
continuumsuch as

o Distance (mL), Surface (rfy L?), Volume (n, L®)

e Time (s T), Frequency (Hz = (ST}
e Speed (m/s, L), acceleratiofm/s’, LT?)
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Figure 2- Spacetime elements

The indices of the matrix directly correspond to the exponents of dimenRigshen
clear that:

¢ Moving to the right € Multiplying by meters
e Moving to the left €& Dividing by meters

e Moving up € Multiplying by seconds
e Moving down e Dividing by seconds

The spacgime dimension of guantities

It is obvious that once the reduction of base dimensions to space and time is granted, it is
possible to imagine mvo-dimensiamal representation used for dimensional analysis.
however important to understand that although the placement of the Dynamic domain
elements seems obvious with respect to the waynttex is built; due to their intrinsic
dimensional definition, theposition of all other elements are derived from the mass'
spacetime dimension. Then, onceishdimensionis found, all physical quantities can

thenbe presented on the matrix. The fApositiono
guantity with repect to time and space only, which represent a two dimensional view or

a di mensional reduction. Al ot her wusual di 1
presentedonthma t r i x , but wil |l not be fAdi mensionsao

Our previousresearch demorstrated that [M] = [T and [Q] = “T™®. The dimension
of the electric charge is not an integer, so to be represented the axis of the matrix will
follow the sequence 0, 0.5, 1, 1.5, 2, &

The visual aspect of the matrix is dependant of the initial gssomconcerning the
mass' dimension (L7T). If this assumption happens to be false, the matrix would have a
totally different aspect. However, the dimensional analysis rules and benefits would still
be present.
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As a reference, the following table listset dimensional properties of most physical

quantltles:
Dom Quantity Symbol Dimension Dimension Factor Value Unit
SIMKS LT

Length | L L 1 1 6163E-35 m
Surface s L2 L2 1 2 B123E-70 m2

E Yolume WV L3 L3 1 42221E-105m3

® Time t T T 1 5,3912E-44 s

5 Fregquency f T T-1 1 1,8549E+43 /s
velocity c LT-1 LT-1 1 2 9979E+08 mis
acceleration a LT-2 LT-2 1 5,5607E+51 mis2
Energy M ML2T-2 L9T 9 1E+67 1 9561E+09 J
Force F MLT -2 L8T 8 1E+67 1 2102E+44 N

e Power P MLT -3 L9710 1E+67 3 6282E+52W

g Power distribution (P oyting) S ML-1T-3 L7T-10 1E+67 1,3889E+122 Wim2

® Momentum [ MLT 4 LT 8 1E+67  6,5247E+00 Jsim

£ TAction A ML2T-1 L9T -8 1E+67 1,0546E-34 Js
Energy density u ML-1T-2 LET S 1E+67 4 6329E+113 Jim3
Energy flux L] ML3T-2 L10T-9 1E+67 31615E-26 Jm
Mass M M L?T-7 1E+67 2 1764E-08 Ky
Mass density p ML-3 L4T -7 1E+67 5 ,1548E+96 Kg/m3

;5 Gravitational constant G M-1L3T-2 L-4T5 1E-67 6 6743E-11 Nm2Kg2

2 Field g LT-2 LT-2 1 5,56073E+51 mis2

& Potential y L2T-2 L2T-2 1 8 9875E+16 m2is2
Mass flow m MT-1 LTS 1E+67 4 0370E+35 Kols
Mass flux L ML-2T-1 LaT-8 1E+67 1,5454E+105 Kg/n2s

8

,5, Yolume v L3 L3 1 42221E-105m3

§ Flow Q L3T-1 L3T4 1 7 8314E-62 m3/s

@ Pressure P ML-1T-2 LET 9 1E+67 4 6329E+113 Pa
Heat Q ML2T-2 L5T1,5 1E+216 1,3007E-23 K
Boltzmann's congant K ML2T-2 L5T15 1E+216 1,3807E-23 JK
Heat flow i MLZ2T-3 L5TO0.S 1E+216 2 5610E+20 K/s

E Heat flux Y] MT-3 L3T0AS 1E+216 9 ,8039E+39 Kim2s

& Temperature T K L4T-105 1E+283 1 HMB7E+32 K

£ Capacity C ML2T-2K-1 LT115 1E-67 4 1969E-466 J/K
condudtivity c MLT -3K-1 T10,5 1E-67  4,8164E-388 WimK
Conductance G ML2T-3K-1 LT10,5 1E-67 7, 7846E-423 WK
Resistance [ M-1L-2T3K L-1T-105 1E-B7  1,2845E422 KW
Charge Q TA L4T-3 5 1E+30 1,8755E-18 C
Charge distribution D L-2TA L2T-3,5 1E+30 7 A797E+51 C/m2
Charge density p L-3TA LT-3,5 1E+30 1,1604E+17 Cim3
Current | A L4T 4 5 1E+30 3 4789E+25 A
Current distribution J L-24 L2145 1E+30  1,3317E+95 Am2
Dipole mom ent [T LTA L5T-3,5 1E+30 3,0313E-53 Cm
Potertial u ML2T-34-1 LaT5 5 1E+37 1 0429E+27 V

o Field E MLT -32-1 L4T 55 1E+37 6 4528E+61 Vim

'% Flux i ML3T-34-1 LETS 5 1E+37 1 ,6856E-08 Ym

o Resistance [ ML2T-34-2 LT-1 1E+07 2 9979E+01 O

l Resistivity r MLT -3A4-2 L2T -1 1E+07  1,8549E+36 O0m
Coulomb's congant K MLT 4 A-2 L2T -2 1E+07 8 9875E+09 Oimis
Permeability 1] MLT -24-2 1 1E+07 1,0000E-07 Him
Inductance L ML2T-24-2 L 1E+07 16163E-42 H
conductance G M-1L-2T382 LT 1E-07 3,3356E-02 S
Conductivity o M-1L-3T3A2 L-2T 1E-07  2,0638E+33 Sim
Permittivity € M-1L-3T442 L-2T2 1E-07 1,1127E-10 Fim
Capacity C M-1L-2T442 L-1T2 1E-07 1,7983E-45 F

" Potertial A A L4T 4 5 1E+37 3,4789'E +18 Tm

5 Field B L-14 L3T4 5 1E+37  21524E+53 T

§ Auxiliary field H L-14 L3T4 5 1E+30 2 1524E+60 AMm

§ Flux L L& LaT4 5 1E+37 5 6227E-17 Am
Dipole mom ent M L24 LET 4 5 1E+30 9,087 7E-45 Am2

Table 2- Physical quantities and their dimensions
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The result

To be able to use thmatrix as a dimensional analysis tool, we simmigsent the symbol
of each quantity tathe correct spaeeme locationaccording to the column "Dimension
LT" of table 2 In order to differentiate them, eaghysicaldomain will bearbitrarily
associated with a col@uch as

e Green Dynamic domain
e Orange Energetic domain
e Pink Gravitic domain
e Blue Pressuric domain
e Yellow Electric domain
e Cyan Magnetic domain
e Purple Thermic domain
Puttingitalltoge her gi ves the following result €
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THE DIMENSIONAL ANALYSIS MATRIX
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Figure3 - The dimensional analysis Matrix
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Using thematrix

Once built,we can immediatelyusethe matrix as a tool for dimensional analysis. All
valid equations must b@imensionallyhomogeneouand te matrix helps to validate it
faster and easier than the manual derivation

When using thenatrix, the following rulesapply.

1. Moving to the right € Multiplying by meters

2. Moving to the left e Dividing by meters

3. Moving up € Multiplying by seconds

4. Moving down e Dividing by seconds

5. Multiply € Adding indices

6. Dividing € Subtracting indices

7. Dimersionlesdactord o not change resultés position

The four first rules have beersedabundantly in the previous section to build thagtrix.

The rules5 and 6correspond to thequivalent of theprinciple of exponent addition or
subtractionseen inthe et i on A di mensi on al witltheadiffyrences i n a
that in this case, it applies only to space and timeuions

The rule 7 is trivial and reminds us that exponents of a dimensionless numlat9sire

The visual representation of phgal quantities into spademe is one of the most
powerful featureof the matrix. It is not necessary to write down dimensional analysis
derivations. 't is much simpl emattro xWal iceedtl e
when playing ches$:or exanple,reusing the equation:

F=m*a ()

Thebasic operationwith indicescannow be illustrated as:

> ol
(|
e a
m| N\ | m [
i FIY [N
Ny s
5 P

Figure4 - lllustration of F = Ma
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Where we can formally write:

I:x,y: Ile,y*ax,y (8)
WithQxymeani ng iAdthe di metneawehaval i ndices of
M7z7*a1o=F71,7+2=8,9 9

But if one wishes tanultiply by an acceleration (nfjsit is much faster tstart from the
mass6 posit i twacelsnght(*r)ocandftheroun pebsdown (/s%).

Now, armed with these rules, we can confront any formula and valid&etibefore
testing any unknown formula, let psacticewith some weHknown equations, which we
can reasonably think are dimensionaltyrect, and see if theatrix confirms it.

The Einsteinds equation

The Famous Einstein equation relates mass and energy

E=mc (10)

With E = energy, m = mass and ¢ = speed of light

ol ]z
m M

I
F N () [d
P

Figure5 - lllustration ofE = m@

Considering the position of mas $Sawhidh ene
is equivalent to a squared velogity and this confirms the
equationwithout having to write down thielll demonstration
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The Newtagravity(interaciion force)
The equation describing the gravitic attractive force between two masses is:

F=GM;M,/r? (11)

With G = gravitational constant, Mind My = massesg; = distance between nmses

Figure6 - lllustration ofF = G M2/ r2

The mass is located af,[-7], so multiplying by a mass is equivalent to jufmorteen
cells on the right side arfdurteencells down.

The CoudwombOobs

TheCoul ombds | aw i s tolfe tehlee cNerwtcoan.6Seethgua w ad fe n.
equation describing the attracting or repulsing electric force betweerhtwgess:

F:KQlelr2 (12)

Wi th K = Coul qamd@ s electricchargesr g distanc® between charges
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