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Abstract

Several observational studies of the main beltraiste showed a direct link between the evolutiorthef spin vectors
and the inclination of their orbit. A study whergfe evolution of 25 main belt asteroids and 12%Hsstic objects was
computed over 1Myr (E. Skoglév, A. Erikson, 200Batly quantified this link. Verification of thegesults with the
observation of 73 asteroids confirmed the resitm-gravitational (YORP-/Yarkovsky-) torques aret monsidered
here. Following observational conclusions have bwaade by E. Skoglév and A. Erikson:

the spin oscillations' amplitude increases witlréasing orbital inclination of the asteroid.

the largest spin oscillations' amplitudes are foifitide initial spin vector lays in the orbital ple.

the spin obliquity differences are generally inséarnsto the shape, composition and spin rate efasteroids.

there is a significant majority of asteroids witpragrade spin vector compared to retrograde ones.

the spin vectors of prograde asteroids are moretichnan the spin vectors of retrograde asteroids.

there are very few asteroids having a spin ved&iair lays in the vicinity of the orbital plane.

the heliocentric distance is relevant for the sgotor behaviour.
In this paper it was found that the gyro-gravitatibheory, which is the closest Euclid theory to @eneral Relativity
Theory of Einstein, complies very well with thedzservations.
We find that the asteroid's tilt varies continuguahd tends to reach more or less a retrogradeispilation to the
Sun's spin. The tilt varies however spiral-wise tluthe gyroscopic effect that causes a motiorregssion as well.

Keywords Main Belt Asteroids — gravitation — gyrotatiorprograde — retrograde — orbit — precession — ioutat
Method Analytical.

1. Orbital data of the main belt asteroids, by E. Boglév and A. Erikson.

In our solar system, the orbital evolution of thaimbelt asteroids is primarily influenced by Satand Jupiter. The
orbital perturbations are ordinarily periodic iretsense that they vary between certain limits. 3pia vectors of
asteroids can be influenced by nearby passing fabg collisions, but there has also been obseavegchanism due
to the asteroids' orbital evolution.

When | discovered the papers of E. Skoglév and #ksBn, | became intrigued by their results. Inséhgpapers, the
latter mechanism (the one related to the asteroitiétal evolution) has been observed and repoiféés means that
the orbital perturbations by Saturn and Jupiterehaot been studied here, but only the relationbleipveen both the
initial spin orientation and the orbital evolutidn,relation with the spin vector evolution of thsteroid.

1.1. Basic data of 25 real objects.

Table 1.1 shows which 25 large asteroids have bkesen (E. Skogldv, A. Erikson, 2002) to perform ¢ibservations.
The average semi-major axis of the orbit is gived #he orbital inclinations: maximal, minimal aneeaage.

These orbital variations, caused by Jupiter andrBagenerate spin vector changes.

On these data, the study of E. Skoglév and A.derikhas been based on.
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Table 1.1(source : E. Skogldv, A. Erikson)

1.2. The results of the study for the 25 real disjec

In fig.1.2 has been drawn the evolution of the sgotor X = COS &, whereé is the obliquity of the spin vector,
which means the tilt of the spin axis from the nakito the orbital plane, as shown in fig.1.1.

i Fig. 1.1 :definition of the obliquitye
|> of the asteroid's spin vector and the
i orbital inclinationi.

The ordinate of Fig. 1.2 shows the minimum and mmaxn values of this obliquity after a time periodloMyr (1C¢°
years).

The figure also shows the precession frequenzy=(d )/ / dt) whereiny is the precession angle of the spin vector.

(source : E. Skogldv, A. Erikson)

Fig. 1.2.

© Dec. 2007 2 29/12/2007 - Update 18/01/2008



Thierry De Mees

The fig. 1.2 should be read as follows. The spiliqaliy of three asteroids, Ceres withve = 9.7°, indicated with ,
Massalia (ave= 2.0°, ) and Ekard {ave= 18.0°, + ) have been plotted. The initial valXe gives the spin obliquity
at the time zero, and the maximal and minimal spiliquities X are given for each of the asteroids, after the span
of 1Myr.

In thisydiscussion we consider our planetary systaoh that the spin of the sun points upwards.

The plotted results give quite a lot of informatiabout the change of the spin vector obliquity aer given time
span. The maximal and minimal values are symmétricCeres and Massalia. The larger the value ofatwtal
inclination is, the larger is thBX between the maximal and minimal values of the cdegspin obliquitiesX. The
D X between the maximal and minimal values lays inrtlggon of an initial valueX of zero, where the initial spin
vector obliquity equals to 90°, and hence is laymthe orbital plane.

According to the computation, the initial spin \ast which are perpendicular to the orbital plangh&f asteroids,

would almost remain unchanged. However, thereléss stable situation when the initial valdes directed upwards
than when the vector is directed downwards.

The results for the asteroid Ekard are signifigamtifferent for both the maximal and the minimallues of the

computed spin obliquitieX , i.e. a clear tendency towards lower values. fifégans that the spin vectors tend to point
more downwards.

1.3. Basic data of 125 synthetic objects.

Besides these 25 real objects, 125 synthetic abjente been created, based on the properties @btheal objects but
with artificial orbital inclinationsiave of 5°, 10°, 15°, 20° and 25°. An artificial presis parameter has been
introduced as well, for the use of the numericatagpolation.

| assume that E. Skoglov and A. Erikson used tie pessible numerical integration and the bestiplesempirical
adaptations to obtain the 1 Myr extrapolation faese synthetic objects. Indeed, the exact phyproales is up to now
unknown, and the results must be interpreted amykaitirely empirical.

1.4. The results of the study for the 125 synthajects.

In fig. 1.3. is computed how the behaviour of thetketic asteroids changes with time, based omghkdata of Ceres.

In this case, only the delta is plotted and notahsolute values of computed spin obliquitksThe legend is : orbital
inclinations of 5° (), 10° (+), 15° (), 20° () and 25° (*).
The same conclusions can be taken as with thebpadts.

(source : E. Skogldv, A. Erikson)

Fig. 1.3
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When the inclination of asteroid's orbital planeésy large, there remains a significddX , even for asteroids which
are perpendicular to their orbital plane, especiali those perpendicular ones that are pointednseawds.
The instability of the latter asteroids is gredtem that of the former ones.

Another graphic describes how the maximal valuedDX can be plotted in relation to the orbital inctinas of the
synthetic asteroids. The results are shown inlfig. Again, we see that the larger the value ofatiétal inclination,
the larger the maximdDX becomes.

Both the 25 real objects (, the least square method gives the lower lin€)the 125 synthetic objects ( the least
square method gives the upper line) are shown.

(source : E. Skogldv, A. Erikson)

Fig. 1.4

The two lines suggest a linear behaviour, but tlaeeeclear deviations. The lower end of the indigidresults of the

125 synthetic objects is showing a steadily slowerease of the maxim&DX with increasing orbital inclination. Since
the number of such asteroids is high, this tendé&nogpresentative.

1.5. Observational conclusions.
Out of this study, a number of quantitative andli¢ataze conclusions are made.

It follows directly from the fig.1.2 , fig.1.3 anfig.1.4. that the spin oscillations’ amplitude e&ses with an
increasing orbital inclination of the asteroid.

Out of fig.1.2 and fig.1.3, the largest spin ostdithns' amplitudes are found if the initial spircig lays in the
orbital plane.

It is found from the integration meth®d®, that the spin obliquity differences are generatigensitive to the
shape, composition and spin rate of the asteroids.

It appear$? that the spin vectors of prograde asteroids areensbaotic than the spin vectors of retrograde
asteroids.

Also it has been fouri@ that the heliocentric distance is relevant forghin vector behaviour.
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2. The observed spin vector distribution, by A. Etdkson.

2.1. The spin vector distribution of 73 asteroifishe Main Belt.

Very important data of the asteroids exist becapseial efforts have been made during the lastd#etmobserve this
for long time neglected subject, while much moferimation was collected about the planets.

(source : A. Erikson, 2000)

Fig. 2.1

In fig. 2.1 there have been several parameter8atdl asteroids grouped upon one graphic. Thé notaber of the
asteroids' spin vectors has been split up in ageade and a prograde part, compared with theteclgtitude od the
asteroid's spin vector. The left graphic showsrétmgrade part and the right part the prograde. adliptic latitudes,
which are the asteroids' individual spin latitu@d®ve (positive) or below (negative) the individaateroids' orbital

plane, are given by Sim.

/ Fig. 2.2 definition of the ecliptic latitude Siby of the
asteroid's spin vectolby is positive above the orbital plane.
_______.____._,::;;;;::'_'_'_'_'_'_'i‘_._-} Definition of prograde and retrograde spin vecidre spin is
i prograde if its sense is directed above the orpltaie, and is
retrograde if its spin sense is directed belovoitstal plane.

In fig. 2.2 we find the definition of ecliptic latide Sinb of the asteroid's spin vectobg, is positive above the orbital

plane. The definition of a prograde and a retrogrsgin vector is given as well. The spin is progrédts sense is
directed above the orbital plane, and is retrogifitie spin sense is directed below its orbitalr.

We have to pay attention with making conclusiosrfithe fig. 2.1, because the orbital inclinatiores @ivided in only
two groups, and the spin vector obliquities are pretisely related to these orbital inclinationgvisrtheless, we can
find several results.

A first discovery is the presence of nearly 64%gpacle asteroids versus 36% retrograde asteroids.

The second is that in the prograde part, the mgjaf the asteroids (a quantity of 30) shows anraye orbital
inclination of less than 10% , against a quantityl® with an average orbital inclination of moreath10%. In the
retrograde part, we find 11 asteroids with orhitalination of less than 10%, against 14 asterdids have an average
orbital inclination of more than 10%.

Thirdly, there are almost no spin vectors orieritethe vicinity of their own orbital plane (for Sk = 0), especially in
the case of orbits with a higher inclination.
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2.2. Observational conclusions.
Out of this study, a number of qualitative conausi is made. These conclusion are:

Out of fig. 2.1 it appears that there is a sigaifitmajority of asteroids with a prograde spin geciompared to
retrograde ones.

It has been found 4 that there is an absence of asteroids with th@ir gector pointing in the vicinity of their
orbital plane. Also the fig. 2.1 shows this.

3. The Maxwell Analogy for gravitation: equations aad symbols.

The Maxwell Analogy for gravitation is the closdkeory to the General Relativity of Einstein, whilee universe
remains Euclid and is not curved. The double aspiitte gravitational field is expressed by the h&vian gravitation
field, supplemented with thgravitomagnetidield that | callgyrotation This latter field has been proposed by Oliver
Heaviside at the end of the "L8entury. The so-called Gyro-gravitation Theory,iakhis this very same theory, but
including a new physical definition for 'the obser®, is suitable to explain celestial mechanics feady and quasi-
steady systems. The retardation of gravitationtdués finite velocity is not taken in account atiis does not affect
the results noticeably.

For the basics of the theory, | refer the reademyopaper: Analytic Description of Cosmic Phenomena Using the
Heaviside Field?. The most relevant parts are summarized in the paagraphs.

3.1. The general equations of the Maxwell Analag\gfavitation.

The gyro-gravitation laws can be expressed in égosi{3.1) up to (3.6) below.
The electric charge is then substituted by massptagnetic field by gyrotation, and the respectigastants are also

substituted. The gravitation acceleration is wnittas g , the so-calledgyrotation field as W/ and the universal
gravitation constant out &= 4p z, whereG is the universal gravitation constant. We usestgaU instead of
because the right-hand side of the equations caledsft-hand side. This sign will be used when we want insist on

the induction property in the equatidn.is the resulting forcey the relative velocity of the mags with density/ in
the gravitational field. Anglis the mass flow through a fictitious surface. ®fuints represent vectors.

FOm(g+v Wy (3.1) diviuU - gr/ gt (3.4)
N.guU r/z (3.2) div e N. W= 0 (3.5)
2N M) j/ z+ g7t (3.3) N'gu -7mW 7t (3.6)

It is possible to speak of gyro-gravitation waveathwransmission speed

=1/(zt) (3.7) wherein t=4pGlc.

3.2. Calculation of the gyrotation of a spinnindhepe.

For a spinning sphere with rotation velocity, the result for gyrotation outside the sphere i@y by the vector
equation (3.8) . In fig. 3.1, one equipotentiakliof the gyrotation vectol’has been traced for a spinning sphere with
radiusR , a moment of inertid and a spinning velocity vecter at a distance vectdrfrom the sphere's centre.
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Fig. 3.1 ‘A spinning sphere with raditR and
rotation velocityw is generating a rotary gravitation
field (or “gyrotation” field) M/at a distance from
the sphere's centre.
. w- )
w U——m o —— wherein for a sphere : =— (3.8.a) (3.8.b)

The value of the gyrotation can be found at eaelegin the universe, and is decreasing with thel thdwer of the
distance . The factorWw - I represents the scalar vector-multiplication, disl ¥alue is zero at the equatorial level.

In fig. 3.2 , the definition of the angles andi is shown. The orbital plane of the asteroid isrdef by the orbital
inclinationi in relation to the axiX . The exact location of the asteroid inside tHatas defined by the angla . The
equipotential line of the gyrotatiol/ through the asteroid has been shown as well.de#r that the gyrotation of the
sun is axis-symmetric about the Z-axis.

Fig. 3.2 :Definition of the angles andi . The orbital plane is defined
by the orbital inclinatiori in relation to the axi¥X . The location of the
asteroid inside the orbit is defined by the angle The equipotential
line of the gyrotatiorithrough the asteroid has been shown as well.

Now, we need to write the equation (3.8) in full &ach of the components, in the case of the spleere.
w w w=——— wo-— w o - a (3.9)

wherein

= a a a (3.10)

The equations (3.9) and (3.10) constitute the etaiector formula of the equation (3.8). Remat tt, = w = .
In the next chapters we will analyze the torquecivhs exerted by the gyrotational part of the ggravitation.

Firstly, we have to analyse the effects of gyrotaton the asteroid. Some of the components of yhetation will
affect the spin or the motion of the asteroid, pttemponents will not affect the asteroid's motion.

For the calculation of the torque on the asteraiel,need a few mathematical steps. In the firstgpla@ have to find
the relationship between the Sun's coordinate systed the most simple possible coordinate systetheofisteroid.
When we have this mathematical relationship, theu® can be analysed and the conditions for a marinorque can
be found in relation to the orbital inclinationtbe asteroid and to the obliquity of the spin vecto
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Let us first express the gyrotation field in théeasid's local coordinates.

3.3. Coordinate system transformations.

In this chapter, we will study the general implioas of the gyrotational field on the asteroid.
We define the axial tilt as : h =e+i (3.11)

whereby the angle of axial til# , the obliquity anglee and the angle of orbital inclinatidnare chosen in the same
plane. The axial tilt or spin vector tilt is th# tf the asteroid compared with the Sun's refezespin vector.

The asteroid spins with an angular veloasy, around theZ"-axis. The coordinate systexY' Z'is the translated solar

coordinate systenX Y Zover the distance of the asteroid's orbital radiasd an angle in the orbital plane that is
inclined with angle .
We do not consider orbital eccentricity in this pap

Fig. 3.3. :coordinate system transformation. The asteroidsspin
with an angular velocity,, . The coordinate systeii Y' Z'is the

translated solar coordinate systeémY Zover the asteroid's orbital
radiusr and an anglea in the orbital plane that is inclined with
anglei . The spin axis of the asteroid is defined by dhgle /7,
which is the axial tilt of the spin vector. Théand Y axes of the
solar coordinate system are chosen such that thelioate system
X" Y" Z" is a rotated coordinate systethY' Z' over the anglé?
while the axisX' remains identical t&X" . The orbital inclination is
shown here in the same planeZzag'.

The spin axis of the asteroid is defined by thdearig which is the axial tilt of the spin vector. THeandY axes of the
solar coordinate system are chosen such that thelicate systenX" Y" Z" is a rotated coordinate systefhY' Z'
over the anglé? while the axis<' remains identical t&" . The orbital inclination is shown here in the same plane as
Z Z'and ash. We have represented the sun's gyrotation figldch has to be considered uniform in the case of
asteroids because of their small sizes.

It is clear that the asteroid's axial titis not totally defined in space here, becausetitngrientation upon the cone's
surface with symmetry axig' and angle/ will comply with the description. However, theleahat the exact tilt
definition would play is very small, since eachgaaupon the cone will be described once at eacitabrievolution.
The lack of exact tilt coordinates could play aerdor large orbital inclinations, especially forte®ids with a
resonance between their spin obliquity cycle areirtlorbital cycle. But this will not change muchr femaller
inclinations. Exact tilt coordinates could be prefe for a detailed study of individual asteroibjch is not the aim of
this paper.

Based on fig. 3.3 in the former chapter, we cartendown the related equations between the coorliggstem
X"Y"Z" andX'Y' Z'.

The relationships between both coordinate systemgigen by :

= h+ h - h+ h (3.12.a)
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and inversely :

= h- h h+ h (3.12.b)
The study will be continued in the coordinate sys¥' Y" Z".
When we want to calculate the torque of the Sumi®tgtion onto the asteroid, we will have to rot#te initial
gyrotation from the coordinate syste¢thY' Z' to the coordinate systeki' Y" Z".
Hence, W W W= W W h+ W h - w h+ W h (3.13)

Now we know the values of the gyrotation on theeastl in the coordinate systeKi' Y" Z" and are now ready to
calculate the angular acceleration due to thisl figito the asteroid.

3.4. The angular acceleration and the torque ofgblar gyrotation acting onto an asteroid.

In fig. 3.4 we consider an asteroid under the aflce of the solar gyrotatian/°.

Wyo Fig. 3.4 : we consider the asteroid under the
- influence of the gyrotatiom/ The asteroid is rigid,
R and the only motion-related acceleration'ls.
W o

Two cases are shown: a velocity that is perpenalidal theX" axis and one that is perpendicular to ¥eaxis. The
gyrotationW°has been split up in its componeni® g, WS, W<).

When applying the equation (3.1) for each of thengonents, we get the forces that works onto theraist due to
gyro-gravitation. Let us firstly write this resws an acceleration only, and omit the gravitatignaat, because it does
not play any role for the torque of the asteroid.
Hence,

= w w w - w (3.14.9)

But the asteroid is rigid, and some acceleratioitishave no other effect but internal compressidrihe matter, and
the stability of the asteroid. Whealx or a'y , or both, are directed towards the asteroid'sreeme get a labile
asteroid. If botha"x and a"y are directed outwards, we get a stable astefdid.study af the asteroid's stability is
made in Appendix A.
The motion-related accelerations are :

= w - w (3.14.b)
Only the component which is perpendicular to theragd's equator is relevant for the torque. Ineotvords, W< is
not relevant for it.

This means that locally, the following gyrotatiomgjuations can be written down (see fig. 3.4).

= W and = W (3.15.2) (3.15.h)

© Dec. 2007 9 29/12/2007 - Update 18/01/2008



Thierry De Mees

However, if we want to describe the totality of tnegular acceleration, let us callit, on the asteroid, we should re-
write (3.1) for angular motions. The purely Newtmigravitational part is omitted in (3.16) and 3.1

t =w W and t =w W (3.16) (3.17)
For the torque , we get:
= w W and = w W (3.18) (3.19)

Remark that ;=0 .

The equations (3.18) and (3.19) can be writteulinbfy using the equation (3.9) , (3.10) and (3.13) we get:

= ww a a h+ a h+ h | (320

=- a a (3.21)

The equations (3.20) and (3.21) define the solaotgsional torques on asteroids for each orbitelimation, but also
on each location on the orbit.

4. Conditions for a maximal and minimal gyrotationon the asteroid's orbital inclination.

4.1. Forced gyroscopic motion.

Let us consider the forced gyroscopic motion upgenasteroid. The spin axis of the asteroid isZtheaxis.

Fig. 4.1 :Precession and nutation of an asteroid.
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The angular velocity in xy zis given by : The angular momenta are :
Yy =q (4.4) = w = q (4.7)
y =f q (4.5) = w= f gq (4.8)
y =f gq 4.6) = w= f q% (4.9)
wherein we define a cylinder-symmetric asteroidhvilte inertia momenta : = = and = , and
whereinq , f and/ are time-derivatives of , # and/ .
The equations of motion are then : -yt o= @10
-y + oy = (4.11)
-y + y = (4.12)

whereinL is the angular momentum andis the solar gyrotation torque that works uponasteroid.
Notice that in this papef © w , wherel is the spinning velocity of the asteroid.

Remark that the orientation of the coordinate syske' Y™ Z™ is not defined yet. We chose it such that #ieaxis
corresponds with th&" axis, and theX"-axis corresponds with the torque defined as © ./ + and its
orientation (anglgyin the coordinate systeXi" Y™ Z™) givenby g = /

The equations of motion become, written in full :

g-f g g+ f qgf gy = (4.13)
f g+ fqg q -qgf g+ = (4.14)
¥ g fqg g = (4.15)

Due to the high number of solutions, we should $ifmthese equations by setting a minimum of resions.

Suppose thaf =0, or, in other words, the spinning velocityd® seen as a constant.

W
Out of (4.15) and (4.14) we find for the precessietocity : f» (4.16)

- q

The calculation is summarized in Appendix B. Sigcés not known yet, we can get it from (4.13) bings(4.16).

We know that by definition, the nutation and tharmge of tilt position are equal, thug :=D#/ .

For the angl®/ we find (see Appendix B) : Dh = _— (4.17)

The value of the nutation is however not a const@ihe angular velocity of the nutatio , can be found by
differentiating (4.17) to the time.

Knowing that dy/dt = wo dg/da , whereinwq is the orbital velocity of the asteroid, we getg#\ppendix B):
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g=w —=w - . (4.18)

The vector xyis rotating about the Sun, together with the a#tiés orbit. It fluctuates between a certain mininelue
and its maximal value, due to the oscillationgof

4.2. Calculation of the spin vector tilt changes.

The calculation of the spin vector tilt changes barrealized by using (4.17), worked out with tig@ations (C.2) to
(C.6) of appendix C.

The change of the tilt occurs continuously by thaation (C.6).

- |
Dh ., » w + = h (C.6)
w

wherein /7 =/h . +Dh | After every orbital cycle, the tilt change withvery tiny portion. These values are
extremely small. In theory, we find that the tililvtend top .

4.3. Calculation of the precession changes.

The precession velocity changes continuously withvalues of equation (B.1), which can be simlifie

f=—— (B.1)

because of the very small valuesqaf

In fact, while the tilt evolutes towargs, at the same time, there is a precession motiahishalmost constant with
time. The global motion of the tilt will then beetttombination of both, which is a spiral-wise evioln towards a final
tilt of p.

Out of this study, we cannot find out to what extehe possible presence of higher values of thegsson velocity
(due to some special valueslaindlo) could obstruct the continuous process of theatitance. The reason is that we
have chosen the coordinate system in section 4suich way thaX"'Y™Z" corresponds witkX"Y"Z". This can only
give an average value of the precession and ttegiont We should have had an instant view on tegss (instead of
an average one) if we had chosenzto correspond witlX"Y"Z".

5. Discussion and conclusions.

Based on our theoretical results, we come to aicentumber of confirmations of the observed dat&bgkoglév and
A. Erikson. Let us take the points one by one adroent it. The equation (4.22) , partially représdrgraphically by
fig. 4.2 , are the main theoretical data where@nctbrrelation can be tested on.

the heliocentric distance is relevant for the sgotor behaviour.
This property follows directly from (4.22). The damlency from the distance to the sun is inversi, &n exponent 3.

the spin oscillations' amplitude increase with @aging orbital inclination of the asteroid.
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The main theoretical data confirm the increasinlyies of the acceleration with increasing orbitallimation i and,
consequently, of its torque and its precession.

the largest spin oscillations' amplitudes are foifitide initial spin vector lays in the orbital ple.
At an axial tilt of 7 = p/2 , the acceleration's values are the largesgrdit to the main theoretical data. Since the

values/ ande are relatively close for values 6f = p/ 2 and for not too important orbital inclinatigrikere is a good
correlation between the observed and the theotetida.

the spin obliquity differences are generally ins@vesto the shape, composition and spin rate efasteroids.
This is not what we found theoretically. It is rb¢ar why the observational data do not discovis; thut probably the
reason is that the high impact of the orbital imation totally masks the observational data ofdtieer influencing
parameters.
We found a flaw in the representativity of the dnapl concepts of E. Skoglév and A. Erikson, esalécin the fig.1.2

and fig. 1.3. To show this, let us define a funetio = - , which is only a transcription of the

definition X = cose , apart from the term -‘i ”. This function only depends from the orbital imeitioni and from the
initial, fixed cos& . Now we found that the curve that this functi@pnesents, is virtually the same as the one of
fig.1.2. The supposed (strong) dependence to timevegtor tilt /# is namely only fictive in that graphic. The same is

valid for the function represented iy = - - compared with fig.1.3, which supposes a strong

dependency from the spin vector obliquitythat however is almost only caused by the parhefarbital inclinatiori.
The influence of real physical parameters appedetseverely masked in these graphics. It woultikieé/ to get the
observational data in the forA=f (A ,i).

the spin vectors of prograde asteroids are moretichinan the spin vectors of retrograde asteroids.
From the remarks next (3.14.a) and (3.14.b) itearcthat the stability of the asteroids theordiffcaomply with these
findings. Remark that the use of prograde and geaide in the theoretical part is to be relatedht golar spin as a
reference, while in the papers of E. Skoglov an@mkson, this means : related to the referendbegcliptic latitude.
For small inclinations, the observational differeng barely noticeable.

there is a significant majority of asteroids witpragrade spin vector compared to retrograde ones.
This property cannot been explained by the theanfess when (most of) the asteroids were originatlyated
prograde. In the case of a prograde spin, we krwt the precession will be more important due ®iaibilities,
certainly for asteroids that have an axial tiltmyal7 = p/2 . These asteroids will more easily, especiallhe case of
collisions, come into the zone of a more stableogehde spin. | suggest this explanation to bentbst credible one
that is still in full agreement with the theory.

there is an absence of asteroids with their spatovepointing in the vicinity of their orbital plan This follows
from the equation (3.20) where the largest deuatibthe tilt is obtained if7 =p/2 .
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Appendix A : Stability study of the asteroids.

From (3.15) it follows that the largex'; is, the more instable the asteroid's tilt. With2(§ we see that the most
instable situation occurs if, roughly speakinfg,= p/ 2 .

But a"; is not the only factor for stability.

A stable asteroid's tilt is also given by the ctindi a"x >0 or a"y >0 . A labile asteroid is obtained #"x< 0 or
a'"y< 0. We have indifference ifa"x = 0 or a"y = 0. With (3.14.a) and with the angular notatsmeh as in (3.16) and
(3.17), we conclude that tilt stability indifferemoccurs if W% = 0.

When using (3.9), (3.10) and (3.13), we come tdallewing conditions for an indifference of thdt stability :

h=-/ a a+ | a (A1)

Graphically, the equation (A.1) has been plottefignA.1.

Fig. A.l.a Fig. A.l.b

Fig. A.1.:Plot of the neutral tilt angle in relation to thegalar locationa and the orbital inclination We have limited the orbital
inclinationi between 0 angp/ 6 . Values of? that are higher thafineurral(fig. A.1.a) or lower (fig. A.1.b) will give a stde asteroid.
Values off that are lower tharmeural(fig. A.1.a) or higher (fig. A.1.b) will give atdle asteroid.

Tilt stability is obtained if W, > 0 or h<- / a a + / a and this occurs if
h<h., (see fig. Alb) orfi>h., (see fig. Al.a) ; labile tilt is obtained iWW°; < 0 or
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h>-/ a a+ /& and this occurs i"?>/ . , (see fig. Alb)or1<h ., (see
fig. A.1la) . For fig. A.1, this means that the zdmtween both neutral curves is labile, but that zbne outside is
stable. Roughly speaking, we conclude, out of Adl , that when? <p/2-2i (for 0 <a < p) or when/ >
-pl2+2i (forp <a <2p), we got a labile tilt for all values &f , and/ = 0 is the most labile value.
Whenh<-pl2+2i orh >pl2-2i, the asteroid's tilt is stable for all valuesaf and/ = p is the most stable
value.

Appendix B : Calculation of the precession and theutation.

Since / =0, from (4.15)we get ¥ =fqg  q

Using this in (4.14) gives : f= / (B.1)
+ q- q

wherein tafg << 2.

We can use (B.1) in (4.13) and we obtain;j) —— g = (B.2)

or for the nutation angle : g= B (B.3)

The nutation velocity is found as follows: sinceg/dt = wo dg/da , whereinwy is the orbital velocity of the asteroid,
we find :

g=w L=y - (B.4)
a i a
+ w
w
q w 3
which can be simplifiedto: § = W =w (B.5)
a w + - a

We know that xy is very small in this application, and hence :

qg=w » W (B.6)
a w a

The same result as (B.6) can be found by using) (B.(4.13) while supposing small enough to be neglected apd
small enough to consider that tarr ¢ . This confirms a good credibility of the pararethoices.

Let us work out (B.6). Since =,/ + ,we can work with the following expression :

+ = WW{! a a h+ a h +
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h- a h a- — a a - (B.7)

a a . (B.8)

a J o+

Working out (B.6) will need us to find the resuft o

The derivatives are :

w w
= a a a h+ a h -

a
a a h - a h (B.9)

and
wow

= a a a + a } (B.10)

a

We do not write (B.6) in full with the results thae find in (B.9) and (B.10), but it is clear thhere is a solution.

Appendix C : Detailed calculation of the relevant érques.

Since (B.7) is relevant for any value ®f we can choose to limit our analysis to the ayenalues of each performed
orbital revolution.

We get for the values =0ora =p,anda = p/2ora =- p/2 the following results :

w w

Wt = h (C.1)
[+ = w Wy (C.2)

And this gives as an average :

= AL h (C.3)

» + h (C.4)

Equation (4.17) can then be written as follows :
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DA, = +— h (C.5)

Since the absolute value of is very small, we @ait the trigonometric function and set approximelty :

- |
Dh ., » d +o h (C.6)
w

Hence, (C.6) is the nutation value after one ofbéteolution.
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