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1. The introduction

In special relativity the dependence of the point body of mass from its
speed is determined from the condition of the mandatory implementation of the
laws of conservation of momentum and energy for the closed system of bodies,
whose interaction is instantaneous in nature.

In this article | propose to use as an example a closed mechanical system of
bodies, whose interaction is ongoing, to confirm the applicability of the law of

conservation of momentum in the case using the special theory of relativity.

2. Description of a closed mechanical system of bodies
For consideration we take the simplest closed mechanical system of bodies
that undergo constant interaction.
Suppose that there is a closed mechanical system of bodies, shown in Fig.1

and consisting of point bodies 1 and 2, with equal mass M, at rest, and a string
3.

Bodies 1 and 2 are connected by a string 3, which has a mass of uniformly
distributed along its length and equal to m, at rest.

Bodies 1 and 2 rotate with angular speed  around a common center of
mass - the point O..

Distance from the point body 1 (body 2) to point O is equal to R.

Let's put a closed mechanical system of bodies 1 and 2 with a string 3 in the

moving reference system Oxyz so, that the point O, would be stationary in this



3
reference system, and coincided with the origin O, and the rotation of bodies 1
and 2 around it would occur in a counter-clockwise direction in the plane of

Oxy, as shown in Fig.2.

Fig.2

Also assume, that at the start of timing (t=0) in the reference system Oxyz

bodies 1 and 2 were on the axis Ox, with the body 1 had a positive coordinate,
and the body 2 - negative.

In the reference system Oxyz :

- body 1 has the coordinates X; and y; and projection v1 and vy, of the speed

on the axis Ox and Qy, respectively, depending on the time t;:

X1 =R -cos(w - ty) (1)
y1 = R -sin(w - t;) (2)
Vig =—[w R -sin(w - t;)] (3)
vy = [w R -cos(w - t;)] (4)

- body 2 has the coordinates X, and y, and projection v, and vy, of the speed

on the axis Ox and Qy, respectively, depending on the time t,:

x; =—[R -cos(w - t3)] (5)
y, =— [R -sin(w - t;)] (6)
Vo =w *R -sin(w - ty) (7)
vy, = —[w R -cos(w - t;)] (8)

Introduce another inertial reference system O'x'y'z', shown in Fig.3.
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Fig.3

Assume that the inertial reference systems Oxyz and O'X'y'z".

- similar the axis of the Cartesian coordinate are pairs parallel and equally
directed,

- system O'X'y'z' moves relative to the system Oxyz with constant speed V
along the axis OXx;

- in both systems as the start timing (t=0 and t'=0) is selected, when the
origin O and O’ of these systems are identical.

Based on the Lorentz transformation and conversion of the speeds [1] we
can write:

- the relationship between coordinates x'; and y'; of the body 1 at time t'; in
the reference system O'x'y'z' and the coordinates x; and y; of the body 1 in the
reference system Oxyz at time t;, the corresponding time t'; in the reference

system O'X'y'z".

, xg — (V-ty)
X1 = (9)
VZ
1_C_2
}"1 = N (10)

- the relationship between the moment of time t'; in the reference system
O'x'y'z' and the time t; in the reference system Oxyz, the corresponding time t'; in

the reference system O'x'y'z":



V- x V -R -cos(w - t])
) b ——2 t — -2 1
ty = 7z 2 (11)
1-2 1-2

- the relationship between the projections V'y; and V'y; of the speed v'; of the
body 1lon the axis of the Cartesian coordinates at time t'; in the reference system
O'x'y'z" and projections vy, and vy; of the speed v, of the body lon the axis of the
Cartesian coordinate in the reference system Oxyz at time t;, the corresponding

time t'; in the reference system O'X'y'z".

, Vg =V [w R -sin(w - t))]+ V 12
Vil = V vy V-w - R -sin(w - t;) (12)
c c
2 2
, Vyq /1—‘;—2 w R -cos(w -+ t]) - 1—‘6/—2 3
Vyr = Vv V-w-R -sin(w - t;) (13)
1_ 2 1+ 2
c c
moreover:
vt = vt 4 vt =
cw - . Si . 2 2 2, p2
{1+V w *R ;sm(w tl)} _[(1_V_2)_(1_w 2R )]
_ c c : c c(14)
{ V- .-w- R -sin(w-tl)}
1+ =2

- the relationship between coordinates x', and y', of the body 2 at time t', in
the reference system O'x'y'z' and the coordinates x, and y, of the body 2 in the
reference system Oxyz at time t,, the corresponding time t', in the reference

system O'X'y'z".

, x; — (V-ty)
X, = = (15)
-z
Yo = ¥ (16)

- the relationship between the moment of time t', in the reference system
O'x'y'z' and the time t; in the reference system Oxyz, the corresponding time t', in

the reference system O'x'y'z":



6, — Vc-zxz £+ VR -cz)zs(a) © ty)
t, = 2 = 2 (17)
1-2 1-2

- the relationship between the projections V'y, and V'y, of the speed v, of the
body 2 on the axis of the Cartesian coordinates at time t', in the reference system
O'x'y'z" and projections vy, and vy, of the speed v, of the body 2 on the axis of the
Cartesian coordinate in the reference system Oxyz at time t,, the corresponding

time t', in the reference system O'x'y'z".

. Ve — V [w R -sin(w  t,)]—V
vy = V = : (18)
1Y "V 1_V~w~R -sin(w - t,)
c? c?
2 2
Vyy 1—‘C/—2 w R -cos(w - ty) - 1—IC/—2
Vy2 = 1 V- v, - V w- R :sin(w - ty) (19)
— C2 1 — CZ
mOoreover:
, 2 ) ;2
Vo = Uy +vy2 =
V-w-R-sin(w- t,))° V2 w? - R?
= _ > . c2 (20)
{1_V-a)-R -sm(w-tz)}
)

To address the string 3 in a state of rest be divided into 2-n equal parts,
with accommodation in the center of each part the point body with rest mass

my, , equal to:

o 21
> (21)

Points of the string 3, located on the segment from the point O, to the body

mo, =

1, denoted as i-the points (i=0, 1, 2, 3, ... n), and points of the string 3, located
on the segment from the point O, to body 2, denoted as the j-the points (j =0, 1,
2,3,...n).

The distance R; from the point O, to i-the point of string 3 will take:

(22)

1 +i—1)
2-n n

k=&

The distance R; from the point O to j-the point of string 3 will take:



R =R ( L 1) 23
;= > (23)
In the reference system Oxyz :

- i-the point of string 3 has the coordinates x;; and yy; and projection v4,; and

v1y; Of the speed on the axis Ox and Oy, respectively, depending on the time ty;

x1; = R; - cos(w - tq;) (24)
Y1 = R; - sin(w - ty;) (25)
Vixi = — [0 - Ry -sin(w - ty;)] (26)
V1y; = [ *R; - cos(w - ty;)] (27)

- j-the point of string 3 has the coordinates X,; and y,; and projection v, and

vyy; Of the speed on the axis Ox and Oy, respectively, depending on the time ty;:

xy; = —R; - cos(w - tp) (28)
ij = —R] 'Sin(w . tZ]) (29)
szj = w ‘R] -Sin(a) . tzj) (30)
Vayi = — @ - R - cos(w - ;)] (31)

Similarly, using the Lorentz transformation and conversion of the speeds
[1] we can write:

- the relationship between coordinates x';; and y';; of the i-the point of string
3 at time t'y; in the reference system O'x'y'z' and the coordinates x;; and yy; of the
I-the point of string 3 in the reference system Oxyz at time ty;, the corresponding

time t'y; in the reference system O'X'y'z":

X1: — (V -t
xlli — 1i ( 11) ( 37 )
VZ
1=z
Vi = Yu (33)

- the relationship between the moment of time t';; in the reference system
O'x'y'z' and the time ty; in the reference system Oxyz, the corresponding time t's;

in the reference system O'x'y'z".



V - xq V -R; -cos(w - ty;)
, b1y — 2 ti — -2 34
ty = 2 = 2 (34)
1= 1-=

- the relationship between the projections v'y;; and V'y; of the speed v'y; of
the i-the point of string 3 on the axis of the Cartesian coordinates at time t';; in
the reference system O'x'y'z' and projections vy;; and v; of the speed vy; of the i-
the point of string 3 on the axis of the Cartesian coordinate in the reference

system Oxyz at time ty, the corresponding time t';; in the reference system

OIXIyIZI:
b vy — V _ [w +R; -sin(w * ;)] + V (35)
o 1 V - Vi V- -w R -sin(w - ty;)
Tz 1+ c?
3 2
Vy1i 1_V_2 w'Ri'COS(w'tli). 1_V_2
I —  (36)
yli V - v, V-w -R; -sin(w - ty;)
1——F 1+ 5
c c
moreover:
U'liz = v,xliz + v'yliz =

f14 L RsinGo t1i)}2 _ [(1 1. (l ok 2)]
.c? (37)

. 2
{1 + V-w - R; -Cgln(w . tli)}
- the relationship between coordinates X';; and y'; of the j-the point of string

3 at time t'y; in the reference system O'X'y'z' and the coordinates X,; and y,; of the
J-the point of string 3 in the reference system Oxyz at time t,;, the corresponding

time t'5; in the reference system O'X'y'z":

= 2 - (V1)

j = 2
oz

3"2]' = Y (39)
- the relationship between the moment of time t',; in the reference system

(38)

O'x'y'z' and the time t'y; in the reference system Oxyz, the corresponding time t'y

in the reference system O'X'y'z":



V- x V- R -cos(a) . tzj)
- R c? 40
2j = 2 = 2 (40)
1-= — oz

- the relationship between the projections V'y,; and V'y,; of the speed v’y of
the j-the point of string 3 on the axis of the Cartesian coordinates at time t';; in

the reference system O'X'y'z' and projections Vy,; and v, of the speed v,; of the
J-the point of string 3 on the axis of the Cartesian coordinate in the reference

system Oxyz at time ty;, the corresponding time t'5; in the reference system

OIXIyIZI:
oo = szj -V _ [CO 'R] ‘Sin((l) . tZ})] -V (41)
*2] V - vy V-w: R -sin(w - ty)
- 2 1-—
C c2
, V2 V2
y .:vyzj- 1—C—2:_w-Rj-COS(w-t2j)- 1—C—2 (42)
y2j 1 V- vy V-w R -sin(w-tzj)
N 1- :
c
moreover:.
Vot = Vgt Vgt =

{1_V-a) ‘R, -Czin(w- tzj)}z ~ [(1_2_;).(1_@2;212].2)]
.c? (43)

{1_V w - R; -sin(w - tzj)}z

C2

3. Getting the momentum equation system

Using the dependence of the mass of the moving body from its speed [1],
we can write the following formula:

- formulas for the projections P'y; and P'y; of the momentum P'; of the body
1on the axis of the Cartesian coordinates in the reference system O'X'y'z' at time
t';, the corresponding time t; in the reference system Oxyz:

- Ux1'M0:_Mo'{[CU'R -sin(w -« ty)] + V} (44)

) 2 2 2 2
v V w* R
1 Ji-f -2
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v+ M My -w R -cos(w -t
pr == 22 _ (- &) (45)
v712 a)Z.RZ
-—r 1 — p
[{1+V-a)-R -Zsin(a)-tl)}2 1
;2 1 2 ;2 2 c
P1 le +Py1 _MO C2 V2 a)Z'RZ -1 (46)
(1-2) (-5

- formulas for the projections Py, and P'y, of the momentum P', of the body
2 on the axis of the Cartesian coordinates in the reference system O'x'y'z' at time

t',, the corresponding time t, in the reference system Oxyz:

, v My My - {lw -R -sin(w - t,)]— V}
P xz = =

(47)
;) 2 \/ _V_z. 1_(1)2’R2
1_1722 c? c?
c
v M My, - w R -cos(w -t
P,z_ y2 0=_ 0 ( 2) (48)
y 2 2
;) 2 w R
122 \/1_ c2

Hl_V-w-R'sin(w'tz)}2 ]
2
P'22=P'x22+P’y22=M02' 2. £ -1

c > 7T R2 (49)
5=

c? c?

- formulas for the projections P'y;; and P'y;; of the momentum P'; of the
i-the point of string 3 on the axis of the Cartesian coordinates in the reference

system O'x'y'z' at time t';;, the corresponding time ty; in the reference system
Oxyz:

P = Viyti® Mon _ mon + {[w - R; -sin(w - t)] + V} (50)
1 = = -
o U’liz V2 (02 ’Riz

== A A

v+ m My, *+ @ *R; -cos(w - ty;

P’y1i — — y1li On On i (2 11) (51)
v' .2 \/1_0)2—Rl
1-— Clzl c?
V-wR; -sin(w - ty;) 2
2 2 2 L+ c?

P'yi" =Py  + Py = Moy %+ ¢ - — 1| (52)

(%) (1)

- formulas for the projections P',; and P'y,; of the momentum P’y of the
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J-the point of string 3 on the axis of the Cartesian coordinates in the reference

system O'X'y'z' at time t'5;, the corresponding time ty in the reference system

Oxyz:
b Vit Mon Moy - {{w R -sin(w - ty)] = V} (53)
x2j — -
”’21'2 V2 w? - R’
1-—4 1-—= [1-—
V'yy+ m _ Mo - W ‘R - cos(w - ty;) (54)

’ On
P'yoy =

; 2

1-2%

C2

/ 2_ / 2 Vi 2_ 2 2
sz _PXZj +Py2]- =mgy, -C"*

—1](55)

To determine the value of the momentum of the system of bodies 1 and 2
and string 3 in the reference system O'X'y'z' at time t' it is necessary, that the

moments of times t'y, t',, t'3;, and t';; were are equal and are equal to t', ie:
_V-R-cos(w-ty)

I} ’ ’ ’ ! tl CZ
t=t1=t2=t1i=t2]‘= =
V2
-z
V-R-cos(w-ty) V -R; -cos(w - ty;)
t, + 2 tyi — )
1—C—2 1_C_2
V -R;-cos(w - ty;)
ty; + -2
= = (56)
-

Given, that the reference system O'x'y'z' is inertial, can write the following
formula for the projections P’y and P'y of the momentum P' of the closed
mechanical system, consisting of bodies 1 and 2 and string 3,on the axis of the

Cartesian coordinates at time t' in the reference system O'x'y'z":
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i=n J=n
P’x=P,x1+P,x2+zplxli-l'zplej (57)
1 1
i=n J=n
P,y=P,y1+P’y2+ zplyli-l'zP'ij (58)
1 1
i=n J=n
P2 =P 4P, + zplliz"'zplzjz (59)
1 1

4. The results of the calculation of the numerical example
To get a visual image depending of the momentum P' of the closed
mechanical system, consisting of bodies 1 and 2 and string 3, from the time t' in
the reference system O'x'y'z we can consider a numerical example, by typing the

following inputs:

4 = 09 60
-0 (60)
w R
= 08 (61)
C
Mo~ 01 62
MO - ) ( )
n = 10 (63)

The calculation can be made as follows:

- setting the value of the time t' and using the formula (56) to determine the
values of moments of times ty, t,, t;; and ty;

- continue to define the values of the projections and P'y; and P'y; of the
momentum P'; of the body 1 (formulas (44) and (45)), and projections Py, and
P', of the momentum P', of the body 2 (formulas (47) and ( 48)), and
projections P'y;; and P'y;; of the momentum P'; of the i-the point of string 3
(formulas (50) and (51)), and projections P'y,; and P'y,; of the momentum P'y; of
the j-the point of string 3 (formulas (53) and (54)) for different values of
moments of times t';

- then for different times t' to determine the values of the projections P', and
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P', of the momentum P' of the system of bodies 1 and 2 and string 3 (formulas
(57) and (58)), of the absolute value |P'| of the momentum P' using the formula
(59), and of the angle o' between the direction of the momentum P' and the axis

O'x', defined by the formula:

P’
P ) (64)

o = arctg(
The calculation results are shown in the graphs:
- a graph of the dependence of the value of projection P’y of the momentum
P' of the system of bodies 1 and 2 and string 3 on the value of time t' (with and

without weight string 3), shown in Fig.4;
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- a graph of the dependence of the value of projection P', of the momentum

P' of the system of bodies 1 and 2 and string 3 on the value of time t' (with and

without weight string 3), shown in Fig.5;
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- a graph of the dependence of the absolute value |P'| of the momentum P’
of the system of bodies 1 and 2 and string 3 on the value of time t' (with and

without weight string 3), shown in Fig.6;
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Fig.6
- a graph of the dependence of the value of the angle o' between the
direction of the vector of the momentum P' of the system of bodies 1 and 2 and

string 3 and the axis O'x' on the value of time t' (with and without weight string
3), shown in Fig.7;
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- graphs of the dependence of the values of projections P'y; and P'y3 of the
momentum P’'; of the of the string 3 on the value of time t', a graph of the

dependence of the of the absolute value |P'5| of the momentum P'; of the of the
string 3 on the value of time t', shown in Fig.8.
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As a result of the calculation, it was found, that the use of the special theory
of relativity leads to the fact, that in the inertial reference system O'x'y'z' the
closed mechanical system of bodies 1 and 2 and string 3 has variable in
magnitude and direction of the vector of the momentum P' in the time t' (ie the
momentum P' of this closed system is a function of time t'), which contradicts
the law of conservation of momentum.

As a result, we can conclude, that in the inertial reference frame O'x'y'z' the
application of the special theory of relativity in describing the motion of a closed
mechanical system of bodies, considered in this example, leads to non-

compliance with the law of conservation of momentum.

5. Conclusion
It can be concluded, that the use of the special theory of relativity in dealing
with individual examples may lead to non-compliance with the law of
conservation of momentum of a closed mechanical system in the inertial
reference systems.
The author expresses thanks to Dr. Michael H. Brill (associate editor of the
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