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Introduction:

Boltzmann statistics Fermi-Dirac static's and Bose — Einstein statistics

There are many important system, however in which the N-body Hamilton
operator can be written assume of independent individual Hamilton and the
energy of system can be written assume of individual energies.

The Boltzmann distribution law can be also be derived from Q(N,V,T) in
high temperature with the First derivation the Fermi-Dirac and Bose-Einstein
distribution.

The special case of Boltzmann statistics:

The Hamilton of many body systems can be written as a sum of one body
Hamilton the energy of the system is the sum of one body Hamilton, the
Hamilton can be written as a sum of where the molecules are on the average far
a part

H = H translation + H rotational + Hvibrational + H electronic
In the quantum mechanics the fundamental concept of the quantum mechanics
¥(q,t) the wave function where g represents set of coordination. the wave

function is given the physical interpretation that the probability that of time the
system is found between g, and g, +dg, ,.....eennnnn. the uncertainly principle

dictates the ¥(a,t) is the most complete description of the system can be
obtained :

[¥ @ t)¥@.t)dq =1

¥ is said to be normalized .
The Hamilton operator is

DB
Where om

H =T +/
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The Hamilton operator give

42

2m
The § is the operator of moment give

ﬁ:dhv
I—)I = ——V2 +\)

The Schrodinger equation give by H¥ —E‘I’ , E 1s the scalar quantity
corresponding to the energy of the system for w(q,t) is the system and if apply
the more ¥, (q,t) one more subscripts .generally then where

H‘Pj :E‘I’j
1- The Hamilton in one —dimensional
h? 0 1
H=-———5+-kx?
2m oX 2

A simple harmonic oscillator and we can find by solve the equation

E = ha)(n +£j
2

Consider the energy states of a particle in the 3-dimensional infinite we

k 1/2
Where o= (—j
m

gn n,,n,

2 2 2
n ~(nZ+n?+n?)

8ma
n..n,,n, Space with coordination give

8ma<9_RZ

2 2 2
(nZ+n}+nf)=

We treat R a continuous variable in the volume of one in sphere of radiuses R

147 r(8maie )
ple) = TR

h 2
The number of sates between ¢ and

w(e,Ag)=p(e+Ag)—p(¢)

2 3/2
a)(g,Ag):%(srr?? J "’ Ae +0 (Ag?)
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For N-particle system

8ma Zn +ng +n;

The Hamilton can be written for a system distribution and individual energy
¢ where the superscript denotes the particle subscript the state

Canonical partition function become:-

QN YV T)=>e "

. a b c
E, =& +& +& .

Q (N ,V ,T ) _ e—(gia+s§’+gﬁ +..)/KT _ Ze_gia/KT Ze—g?/KT Ze_gﬁ KT o
i i i

ik

Q (N ’V ’T ) :qaqch """"""

The last equation very important result show that if we can write the N-
particle Hamilton as a sum of independent terms the useful application of
separation individual in equation is to the molecular partition function and
the equation show that molecular Hamilton can be approximation the
degrees of freedom of the molecule

q mol — qtran q rotaqvibrationqelectroin """"
Oros = Ze —&* KT
]

If N-body energy
Eij =& +e te+e +o

The Q(N,V,T) give portion function

ijkI
Fermi-Dirac And Bose Einstein statistics
There are two cases to consider the evaluation the equation conical
partion estimation . the resultant distribution function in the case of Fermions
in called Fermi-Dirac and Bosons is called Bose- Einstein statistics the energy
E, (N V) the system containing N-molecules and ¢, is the molecular quantum

state when the system itself is in the quantum state with energy E; the set {n,} is
the entire system total energy
= Z Ny &
k

N =>n,
k
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We can write Q(V,T,N) as conical ensemble as
e _ﬂznkgk
QN’T’N):ZG ﬂEJ:Ze k

J j

This restriction turns but the be mathematics the grand canonical ensemble =
give

BV .T,u)=D Q(NV T’
N =0

We can write the grand conical ensemble
x an —ﬂznk"?k
=V ,T,,u)zz/ik e «
N =0

In the finally we get

2V T4 =[] (e )"

By the summation give (1-z)*= iz “ we can write the last equation
k=0

The Fermi — Dirac statistical and Bose — Einstein is given
2V T u)=]]@+ae )"
k
FD and BE given by
_ -1
BV T, u)=]]@Qt27)
k

EE

N:KT[alna] :KT(é‘Inzj (%j
O A 1 OA A\ Ou

We can define 1=e* give N by grand conical ensemble

N =/1(a|n:‘j
n

We can fin the GCE
=V T, ) =Q+e)" . ... (1+ e /)™
IN(ZV ,T,4))=In(l+ e )"+ ... +In(1+ Ae 7)™
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Grand conical ensemble

2V T, A)=+> In(L+ 2e %)
k

So N-particle is given by

Average number of particle in k

k
We can find n
e - Py
nk =
1+ Ae P4

We can fin Energy by

Ag e P
E=Ne=>neg =y ———
2" = 2Ty e
By the ideal gas equation

PV =NKT
The grand conical ensemble we show that PV is the thermodynamic function

PV =KT InEV ,T, u)
We arrive no to PV give

PV =£KT > In(l+ e ")
k

No we fin the energy

2

Ny Ny N,

2 2 2
= P (n; +n, +n;)

2
a T
n,=—k, >k’ ==n}
T a
The same in x and y
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2
a T
n. =—k. =>k?="-n?

z z z 2 'z
T a

2
2 2 2 2 T 2 2 2
K :kx+ky+k2:g?mx+ny+nJ

The moment p is given

p_n_hk
A 2r
So the total energy is given by
P ? h2 2 2 2
gnx,ny,n (nx +ny +nz)

z2m 8ma

The basic equation associative with the two fundamental distribution laws is

grand conical ensemble
= =[] @ ae )"
k

N => 1,
k
~ ﬂe_ﬁgk
“ 1+ a0

E = Z N, &,
-p
Z Z«gk gk
1+ Je /%
Where 1=e* and by the gas law we can find

PV =+KT ) In(l+ e )

Where (+) is Fermi-Dirac and (-) is Bose-Einstein.

In this chapter we will study an ideal Fermi-Dirac gas for value of 1 such that a
series expansion the expansion useful in temperature and density region there
are only small derivation from classical behavior in an ideal gas model the
equation of state will no longer be PV=KTN and P = pKT in fact we will get the P

and p is series .
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1-Weakly Degenerate ideal Fermi — Dirac gas :
We are derive series of fermions in a region where 2 is small enough that may
represent the derivative from classical behavior by series of 4 is small enough
that we may represent the derivation from classical behavior by series of 1 :

e P
~ 1+ de P&
PV =KT ) In(l+2e /%)
k

N =

¢, the eigenvalue of particle in box under index k
2
2 2 2
(ng+n, +n;)

gnl,nz,n3 2/3

~ 8mv
We get the energy state to integrals over energy levels in £ and ¢+de give
integral

2m 3/2

do(e,As) =27 (—zj Ve'de

h
We can write the summation by Riemannian integration in all number to be
continuous and write:

2m 2. % agt%eFa
N 227[(?) v ~[1+/1e‘ﬂ5k
0

This integration given by analysis we can write this by
o0 ;tgllze ~ ey
> 1+ e/

1
But fe=y :>d8=Edy give integral

1 o0 ﬂzy l/Ze—ﬂgk d
B 1+ e

1
= Sz 4z 7%

1+z

e (e —(e P e

1+ ™
1+ ™) =) (-1)'"ale™
=0
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By the integration

— j/’ty 1/Ze—y Z (—l)”l/lle_'ydy
IB 0 1=0

By change index and give integration

1—/2 Z (_1)|+1/1|+1J‘ y 1/Ze—y—lydy
J2 0

In the finally the integration

a A
(KT )3’22( 1)+ T 3/2

27mKT LA
V(L v S

he Y 1 (27zmKT 2
| 22mkT ) T AT e

Now we can write the N by

We can write the equation like is called reversion of series and can be done in

general we canwrite 4 =@, +@,0 + 3,07 4 coooviriiieeiiiin
We can find a, =0 and

1
p:F(aip'f‘ ..... )
So that
a,=A’
1 2h% +2aa,0° +a’
P:F(alp+azpz—a1p ;31,22'0 :
2
4
a2_23/2_0
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And give that

And can find a,

A=ANp+

1 1 1
9312 (A3p)2+[2_ }(ASP)S
Now we want get the ratio % by integration

PV =KT > (In(L+2e )
k
2m 3/2
_ © 12 .y
P=KT (2%)(—h2j jo 2 In(l+ e %) e

P om 2 =
ﬁ = (272') (Fj .[O 51/2 In(1+ Ae _ﬂg)d &

Ln(1+Z) we can find that by Taylor series around zZ =Z,

f(z)=14(z —2,)f (2)+ “20) ¢ gy

In(1 - z ) = z - + ———
( ) 5 3

So that
(1e ‘ﬁg)'
|

In(L+ 2e %) :i(—l)'”

The integration give by the last equation

© 12 - 1/2 I +1 ﬂe ﬂg)
jo /2 In(L+de ) g = j Z( ' 4dg

This give
1+1 11
[ In+ 26 ) & = 3,22( N 4

5/2
= |
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P (ZmﬂKT) z(1)'*1/1'

KT = I 5/2
P ( 1)|+1ﬂ,|
KT A3 Z |5/2
By 21 expansion we can find the P/KT Iooks like

P A° 1 2
ﬁ_p 25/2p |:§—357:|A6,03+ ...............
We can write the ratio by

KPT =p+B, T)p°+B (T)p o

Where B, (1) is a function of only the temperature is called the jth virial
coefficient A is just the thermal DeBroglie wave length

We can find total energy with E—(3/2)PV

( 1)|+1ﬂ,|
E = VKT e le 572
And 2 substituted this we get
3 A°
E:ENKT (l—}_ﬁp—i_ ............... j

All other thermodynamic function can be obtained the integral formula the
energy obtained by the last formula where the density in large volume

2- Weakly Degenerate ideal Bose-Einstein gas :
We are treatment the ideal gas Bose- Einstein are define 1=e” and g=1/KT we

are expansion in 4 as we did Fermi — Dirac we used the signs (-)
/’le—ﬁgk
N =2
1- e/

PV =-KT ) In(1- e )

In last equation we see that A is restricted to the value 0< 4 <e™ thus if we wish
our result to be valid for all of 2 we can write N like

ﬂﬁ - P&y le - Pey
Tl e
€ k=0

We can defined N by integration in summation we can write this by integration
&> ¢g, give that and state in physical resultant must be independent of where one

state zero of energy such that ¢, =0 the last equation become
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J‘OO lgl/Ze - sy

_1L+2ﬂ[2_mj”
Py 1 he ) Jen1_je 7=

So we can define the PV looks like
PV =—KT In(1-2)-KT > In(1— e ™)
k =0
And by integration we can write that

P 2m )" 1
——==2z| 5| [ &”Inl—jie¥)ds--In(l-2)
KT h Y

The both equation 0<1<1

Notes : the second transformation of both equation contain a factor of 1\V .
ordinary it is legitimate to ignore such terms since we are always interested only
in the thermodynamic limited.

Where 1 —>1 1/(1-1) >~ we are get the integer of two equations and neglected

the 1 in integration the result give
Z I 3/2

Where
1
P = ng/z
And
P A3
KT = —25/2 PF i

Look the second terms in this equation must be neglects and the energy
P
E =§PV :ENKT (—]

2 oKT
3 A3
E =~ NKT [1— SRR J
Where
E =>NKT (1-A%Gg, + e )
And
) ﬂ,l
9, =2+
i |

* Bc.S, Faculty of science Egypt south valley university, Application Mathematics



All other thermodynamic function for a weakly degenerate ideal gas of Bosons

following in similar way in thermodynamics function useful only for small 1 or

small p and represent small quantum correction to the limited classical result
3- A strongly Degenerate ideal Fermi — Dirac gas

First we shall treat the case of ideal Fermi — Dirac at low temperature and or

height density we get

/213'—/ﬁ%

e
Where 1=e”

_ 1

nk o 1+e:8(‘9k_/'l)
As in the pervious section ¢, is essentially a continuous parameter and we can
write f by

1
t(e)= 1o/
Where f (&) is the probability that a given state in occupied this equation the
number of states with energy between ¢ and ¢+d¢ give

3/2
2m

o(e)de=4rn e V ¢

We can define », immediately from the fact that all the states below &= 4, are

occupied and all these above are unoccupied this if N is the number of valence
electrons

F

3/2
N :%(i—n;j V,ug’/2

2/3 3/2
h? (3 N
IL[ = —| — P
° 2m(8z) \V
The distribution f (¢) still essentially a step function a T=0 compared to
characterize temperature »,/K room temperature may be consider to be zero

and it is an excellent first approximation use distribution
f(&)=1= &<y,

2m 3/2
N :47r( j Vv J‘Oﬂogllzdg

And we can get g,

=0= &>y,
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At room temperature the quantity ,/K is called Fermi temperature and id
denote by T, . Fermi temperature are typically of the order of thus and degrees
Kelvin

F

3/2
E, =§47Z’[2m ) V ¥ |l

2m 3/2
E, :47{ j \Y Ioﬂo e

h?
2
Eong Ky

Where we have written E, to emphasize that this T=0K result the equation give

In zero temperature distribution but not difficult to calculate correction to be
theses zero temperature and we are expansion in power of parameter
n==KT /1, .now we can write all thermodynamic quantities N,E, P,..... can be

written by
| = jo“’f (e)h(e)d &

Where I=N give h by

F

2m 3/2

h(e) :47{ ] vV g¥?

And we derive the E and N by the | by integral by part give
| =f (&)H (&) [ —jo f'(e)h(g)d e
Now we can fin the | give
| :—jo f'(e)h(e)d e
Where
H (¢) = E h(g)d e

We using the fact f (¢)=0 and f '(¢) is nonzero only for some small region
around ¢ = and we can find H (¢) by Taylor around ¢ = x

H(g):H(ﬂ)+(g—y)(de +%(3—y)2[d"'] oo

E d&?

dH 1(d>?H
| =H =H +| — L,+— L.o+.......
(5) (lu) (dgly 0 2[(182] 1

e=u
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Where

L, :—jo (¢ —u)'f'(e)d e
The first integral L, =1

And we can find L,,L,,... we may replace the lower limited -« so we can writhe
the probability function like

f'(g) =

But p(e—u)=x and de=dx /B

,59 Ble—u)
(1_|_ ,Be ﬂ(e—ﬂ))Z

o Xle*
. 1.j X®  4x,j=012..
J ﬂj 0 (1+eX)2
Now we can find L, =0
. 1 J‘w X %e* . 7[2
2 ﬂZ 0 (1+eX)2 3ﬁ2
Now we can write the | by
7’ d*H
| =H +—(KT)?
(1) 5 (KT) (dgzj

e=pu

Now we can defined H (¢) =I:h(g)dg and we calculate N in this case

2m 3/2
h(g):47r( jvgl’2

e
8z (2m )\

H (u) :?(Fj Vo

d 2H om %

dgz |g=u: Zﬂ[vj Vv 2 vz

By replace | by N and give N now

8z (2m '’ 3/2 7’ )
N=—I|—| V 1+— -
2 (hzj N R (Bu)

h2 (3 2/3 N 3/2
=m0
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- ) ~2/3

T _
o = ) 1+~ (Bp) i

T _
H = Hy 1+?(ﬂﬂ) i

- -
T _
p= o | 1= (Bu) i

This equation show that x change slowly with temperature and is
approximately 4, throughout the entire solid state range of a metal
Now we can calculate E by the I looks like

2m 3/2
h(g)=47z( j V g2

h 2
SO we can write

3/2
H (¢) =4—”(2—mj Pk

5\ h°
2 3/2
C;gl_zl = 672(—2hn; j V g'?

In the finally we get on E by series

8z (2m\*’ 5772 i
E Z—(—j V {1+T(ﬂﬂ) 2}

5 h?
E=Eo[ﬁ] [1+%(ﬁm2}
My 8

By the ratio we fin E
57° 5
E=FE,|1+—
0|: 12 (Bu) }

The last equation give the energy in power series
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4-A strongly Degenerate ideal Bose-Einstein :
we consider the situation when 2 not necessarily small let us to return equation
in weakly Bose —Einstein

om % o 5% 2
p=2r| — IO PR _ﬂgd€+ -
h 1-Je V (1-4)

P 2m " 1
__ * A2 aa P 4 _
e 2ﬂ(h2j J, &% In@t—2e7)d 2 =~ In(1- 2)

Where 0< 1 <1 and we write equation by g, (1) is give

1
p:nglz(Z)"‘

V (1-A)
P 1 1
KT A° J5/2(4) v In1-4)
Where
=1
J, (ﬂ“) = Z_n
=1 l
we can define Riemann zeta function
=1
&(n) = ZI_”
1=1
By the average number of particle in their ground state
n, = —/1
1-4

Soitisclear that 0< 1 <1 in order to determine the equation of state now we
need determine A, p by solving equation can find that by graphs like that
A A
A° = A)+———
P. 932(4) V 1-1
And notes Riemann zeta function
£(3/2)=2.612....
The rang of pA® give 0< pA® <2612 by
A3
a= = pA°>(Q,,(4)
3 3/2
PN —05,(4)

Is a continuous function of 2

a=1-2
Vv
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2 3/2
In this equation whereVv —wgive 1=1 clearly the point pA® = p{ h ] to be

27mKT
a function of the T and we can find the number of particle in their ground state
_ AV
nk -
1-4 a

_V
ny :F(PA?’ —0,,,(1))

We can write their in a more interactive from by define temperature T,

; h2 3/2
PAG = p(—] =0,,(1)
0 27mKT, 32

v [p-820)

It can be seen that where T>T? the fraction of molecular in their ground state is
essentially zero. This is the normal situation. Where the molecular can
distribution smoothly over the many molecular quantum states available to each
one. However as the temperature is lowered past T . Sadly the ground state
begins to be appreciably population.
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In this terms then
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