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Introduction: 

Boltzmann statistics Fermi-Dirac static's and Bose – Einstein statistics  
         There are many important system, however in which the N-body Hamilton 
operator can be written assume of independent individual Hamilton and the 
energy of system can be written assume of individual energies.  
         The Boltzmann distribution law can be also be derived from Q(N,V,T) in 
high temperature with the First derivation the Fermi-Dirac and Bose-Einstein 
distribution.  
 The special case of Boltzmann statistics:  
          The Hamilton of many body systems can be written as a sum of one body 
Hamilton the energy of the system is the sum of one body Hamilton, the 
Hamilton can be written as a sum of where the molecules are on the average far 
a part  

translation rotational vibrational electronicH H H H H= + + +  
In the quantum mechanics the fundamental concept of the quantum mechanics 

( , )q tΨ  the wave function where q represents set of coordination. the wave 
function is given the physical interpretation that the probability that of time the 
system is found between 1q  and 1 1q dq+  ,………….. the uncertainly principle 
dictates the ( , )a tΨ  is the most complete description of the system can be 
obtained :  

* ( , ) ( , ) 1q t q t dqΨ Ψ =∫  
Ψ  is said to be normalized .  
The Hamilton operator is  

H T V= +
) ) )

 

Where 
2

2
pT
m

=
))
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The Hamilton operator give  
2

2
pH V
m

= +
)) )

 

The p)  is the operator of moment give  
p i= ∇) h  

2
2

2
H V

m
= − ∇ +

) )h
 

The Schrödinger equation give by HΨ =EΨ  , E is the scalar quantity 
corresponding to the energy of the system for ( , )q tΨ  is the system and if apply 
the more ( , )j q tΨ  one more subscripts .generally then where  

j jΗΨ = ΕΨ  
1- The Hamilton in one –dimensional  

2 2
2

2

1
2 2

H kx
m x

∂
= − +

∂
h

 

 
A simple harmonic oscillator and we can find by solve the equation  

1
2

E nω ⎛ ⎞= +⎜ ⎟
⎝ ⎠

h  

Where 
1/ 2k

m
ω ⎛ ⎞= ⎜ ⎟

⎝ ⎠
 

Consider the energy states of a particle in the 3-dimensional infinite we  

( )
2

2 2 2
, , 28x y zn n n x y z

h n n n
ma

ε = + +  

, ,x y zn n n  Space with coordination give 

( )
2

2 2 2 2
2

8
x y z

man n n R
h

ε
+ + = =  

We treat R a continuous variable in the volume of one in sphere of radiuses R  
3/ 22

3
2

1 4 8( )
8 3 6

maR
h

π π εϕ ε
⎛ ⎞

= = ⎜ ⎟
⎝ ⎠

 

The number of sates between ε  and 
( , ) ( ) ( )ω ε ε ϕ ε ε ϕ ε∆ = + ∆ −  

3/ 22
1/ 2 2

2

8( , ) ( )
4

ma O
h

πω ε ε ε ε ε
⎛ ⎞

∆ = ∆ + ∆⎜ ⎟
⎝ ⎠

 

 
 



* Bc.S, Faculty of science Egypt south valley university, Application Mathematics  

For N-particle system  
2

2 2 2
2

18

N

xj yj zj
j

hE n n n
ma =

= + +∑  

The Hamilton can be written for a system distribution and individual energy 
a
jε   where the superscript denotes the particle subscript the state   

      Canonical partition function become:-  
/( , , ) jE KT

j
Q N V T e −=∑  

.......a b c
j i j kE ε ε ε= + + +  

( ....) / // /

, , ,...

( , , ) ........
a b c ba c
i j k ji kKT KTKT KT

i j k i j i

Q N V T e e e eε ε ε εε ε− + + + −− −= =∑ ∑ ∑ ∑  

( , , ) ...........a b cQ N V T q q q=  
       The last equation very important result show that if we can write the N-
particle Hamilton as a sum of independent  terms the useful application of 
separation individual in equation is to the molecular partition function and 
the equation show that molecular Hamilton can be approximation the 
degrees of freedom of the molecule  

.......mol tran rota vibration electroinq q q q q=  
/trans

j kT
trans

j

q e ε−= ∑  

If N-body energy  

.... .......ijk l i j k lE ε ε ε ε= + + + +  
The Q(N,V,T) give portion function  

( .......) /( , , ) i j k l kT

ijkl
Q N V T e ε ε ε ε− + + + +=∑  

Fermi-Dirac And Bose Einstein statistics  
                   There are two cases to consider the evaluation the equation conical 
partion estimation  . the resultant distribution function in the case of Fermions 
in called Fermi-Dirac and Bosons is called Bose- Einstein statistics the energy 

( , )jE N V  the system containing N-molecules and kε  is the molecular quantum 
state when the system itself is in the quantum state with energy jE  the set { kn } is 
the entire system total energy  

j k k
k

E n ε=∑  

k
k

N n=∑  
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We can write Q(V,T,N) as conical ensemble as  

( , , )
k k

j k

n
E

j j

Q V T N e e
β ε

β
−

− ∑
= =∑ ∑  

This restriction turns but the be mathematics the grand canonical ensemble Ξ  
give  

0

( , , ) ( , , ) k

N

V T Q N V T e βµεµ
∞

=

Ξ = ∑  

We can write the grand conical ensemble  

0
( , , )

k k k
k k

n n

N
V T e

β ε

µ λ
∞ −

=

∑ ∑
Ξ = ∑  

1 1

1

( , , ) ( ) ........ ( )k k

k

n n

n n

V T e eβε βεµ λ λ
∞ ∞

− −Ξ =∑ ∑  

 
 
In the finally we get  

( , , ) ( )k k

k

n

nk

V T e βεµ λ −Ξ = ∑∏  

By the summation give 1

0
(1 ) k

k
z z

∞
−

=

− = ∑  we can write the last equation  

The Fermi – Dirac statistical and Bose – Einstein is given   
1( , , ) (1 )k

k

V T e βεµ λ
−−Ξ = +∏  

FD and BE given by  
1( , , ) (1 )k

FD
EE k

V T e βεµ λ
−−Ξ = ±∏  

,,

ln ln

V TV T

N KT KT λ
µ λ µ

⎛ ⎞ ⎛ ⎞∂ Ξ ∂ Ξ ∂⎛ ⎞= = ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠⎝ ⎠ ⎝ ⎠  

We can define e µβλ =  give N by grand conical ensemble  

,

ln

V T

N λ
λ

∂ Ξ⎛ ⎞= ⎜ ⎟∂⎝ ⎠  

We can fin the GCE  
1 1 1( , , ) (1 ) ............(1 )kV T e eβε βελ λ λ− −± ±Ξ = ± ±  

1 1 1ln( ( , , )) ln(1 ) ............. ln(1 )kV T e eβε βελ λ λ− −± ±Ξ = ± + + ±
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Grand conical ensemble  
( , , ) ln(1 )k

k

V T e βελ λ −Ξ = ± ±∑  

1

k

k
k

e
e

βε

βελ λ

−

−

∂Ξ
=

∂ ±∑  

So N-particle is given by   

1

k

k
k

eN
e

βε

βε

λ
λ

−

−=
±∑  

Average number of particle in k  

k
k

N n=∑  

 We can find n  

1

k

kk
en

e

βε

βε

λ
λ

−

−=
±  

 
We can fin Energy by  

1

k

k

k
k k

k k

eE N n
e

βε

βε

λεε ε
λ

−

−= = =
±∑ ∑  

By the ideal gas equation  
PV NKT=  

The grand conical ensemble we show that PV is the thermodynamic function  
ln ( , , )PV KT V T µ= Ξ  

We arrive no to PV give  
ln(1 )k

k

PV KT e βελ −= ± ±∑  

No we fin the energy  
2

2 2 2
, , 2 ( )

8x y zn n n x y z
h n n n
ma

ε = + +  
2

2 2
2x x x x

an k k n
a
π

π
= ⇒ =  

The same in x and y  
2

2 2
2y y y y

an k k n
a
π

π
= ⇒ =  
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2
2 2

2z z z z
an k k n

a
π

π
= ⇒ =  

2
2 2 2 2 2 2 2

2 ( )x y z x y zk k k k n n n
a
π

= + + = + +  

The moment p is given  

2
h hkP
λ π

= =  

So the total energy is given by  
2 2

2 2 2
, , 2 ( )

2 8x y zn n n x y z
P h n n n
m ma

ε = = + +  

 
 
   

 The basic equation associative with the two fundamental distribution laws is 
grand conical ensemble  

1(1 )k

k

e βελ − ±Ξ = ±∏  

k
k

N n=∑  

1

k

kk
en

e

βε

βε

λ
λ

−

−=
±  

k k
k

E n ε=∑  

1

k

k

k

k

eE
e

βε

βε

λε
λ

−

−=
±∑  

   Where e µβλ =  and by the gas law we can find  
ln(1 )k

k
PV KT e βελ −= ± ±∑  

Where (+) is Fermi-Dirac and (-) is Bose-Einstein.  
In this chapter we will study an ideal Fermi-Dirac gas for value of λ  such that a 
series expansion the expansion useful in temperature and density region there 
are only small derivation from classical behavior in an ideal gas model the 
equation of state will no longer be PV=KTN and P KTρ= in fact we will get the P 
and p is series .  
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1-Weakly Degenerate ideal Fermi – Dirac gas :  
We are derive series of fermions in a region where λ  is small enough that may 
represent the derivative from classical behavior by series of λ  is small enough 
that we may represent the derivation from classical behavior by series of λ  :  

1

k

k
k

eN
e

βε

βε

λ
λ

−

−=
+∑  

ln(1 )k

k

PV KT e βελ −= +∑  

kε the eigenvalue of particle in box under index  k  

1 2 3

2
2 2 2

, , 2 /3 ( )
8n n n x y z

h n n n
mv

ε = + +  

We get the energy state to integrals over energy levels in ε  and dε ε+  give 
integral  

3/ 2
1/ 2

2

2( , ) 2 md V d
h

ω ε ε π ε ε⎛ ⎞∆ = ⎜ ⎟
⎝ ⎠

 

We can write the summation by Riemannian integration in all number to be 
continuous and write:  

3/ 2 1/ 2

2
0

22
1

k

k

m eN V d
h e

βε

βε

λεπ ε
λ

∞ −

−
⎛ ⎞= ⎜ ⎟ +⎝ ⎠ ∫  

This integration given by analysis we can write this by  
1/ 2

0 1

k

k

e d
e

βε

βε

λε ε
λ

∞ −

−+∫  

But 
1y d dyβε ε
β

= ⇒ =  give integral  

1/ 2

3/ 2
0

1
1

k

y

y e d
e

βελ ε
β λ

∞ −

−+∫  

2 31 1 .................
1

z z z
z
= − + − +

+  

2 31 1 ( ) ( ) .................
1

y y y
y e e e

e
λ λ λ

λ
− − −

− = − + − +
+  

1 1

0
(1 ) ( 1)y l l ly

l
e eλ λ− − + −

=

+ = −∑  

 
 



* Bc.S, Faculty of science Egypt south valley university, Application Mathematics  

By the integration  

1/ 2 1
3/ 2

00

1 ( 1)y l l ly

l
y e e dyλ λ

β

∞
− + −

=

−∑∫  

By change index and give integration  

1 1 1/ 2
3/ 2

0

1 ( 1)l l y ly

k

y e dyλ
β

∞
+ + − −−∑ ∫  

In the finally the integration  

3/ 2 1
3/ 2

1

( ) ( 1) 3 / 2
l

l

l

KT
l
λ∞

+

=

− Γ∑  

3/ 2
1

2 3/ 2
1

2 ( 1)
l

l

l

mKTN V
h l

π λ∞
+

=

⎛ ⎞= −⎜ ⎟
⎝ ⎠

∑  

1/ 2 3/ 22

3 2

1 2
2

h mKT
mKT h

π
π

⎛ ⎞ ⎛ ⎞Λ = ⇒ =⎜ ⎟ ⎜ ⎟Λ ⎝ ⎠⎝ ⎠
 

 
Now we can write the N by  

1
3 3/ 2

1

1 ( 1)
l

l

l
N V

l
λ∞

+

=

= −
Λ ∑  

And the density we can find by p :  

1
3 3/ 2

1

1 ( 1)
l

l

l l
λρ

∞
+

=

= −
Λ ∑  

We can write the equation like is called reversion of series and can be done in 
general we can write  2

0 1 2 .......................a a aλ ρ ρ= + + +  
We can find 0 0a =  and 

13

1 ( .....)aρ ρ= +
Λ

 

So that  
3

1a = Λ  
2 2 3 2

2 1 1 2 2
1 23 3/ 2

21 (
2

a a a aa a ρ ρρ ρ ρ + +
= + −
Λ  

2
1

2 3/ 2 0
2
aa − =  
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And give that  
3 2

2 3/ 2

( )
2

a Λ
=  

And can find 3a   
3

1 2 2
3 3/ 2 3/ 2

2 0
2 2
a a aa − + =  

3 3
3 3/ 2

1 1 ( )
4 2

a ⎡ ⎤= − Λ⎢ ⎥⎣ ⎦  

3 3 2 3 3
3 / 2 3 / 2

1 1 1( ) ( )
2 4 2

λ ρ ρ ρ⎡ ⎤= Λ + Λ + − Λ⎢ ⎥⎣ ⎦  

Now we want get the ratio P
KT

 by integration  

(ln(1 )k

k
PV KT e βελ −= +∑  

3/ 2
1/ 2

2 0

2(2 ) ln(1 )mP KT e d
h

βεπ ε λ ε
∞ −⎛ ⎞= +⎜ ⎟

⎝ ⎠ ∫  

3/ 2
1/ 2

2 0

2(2 ) ln(1 )P m e d
KT h

βεπ ε λ ε
∞ −⎛ ⎞= +⎜ ⎟

⎝ ⎠ ∫  

Ln(1+Z) we can find that by Taylor series around 0Z Z=  
2

' ''0
0

( )( ) 1 ( ) ( ) ( ) . . . . . . . . . .
2 !

z zf z z z f z f z−
= + − + +  

2 2

l n ( 1 ) . . . . . . . . . . . . .
2 3

z zz z− = − + −  

So that 
1

1

( )ln(1 ) ( 1)
lk

l

l

ee
l

βε
βε λλ

−
− +

=

+ = −∑  

The integration give by the last equation  

1/ 2 1/ 2 1

0 0
1

( )ln(1 ) ( 1)
lk

l

l

ee d d
l

βε
βε λε λ ε ε ε

−∞ ∞− +

=

+ = −∑∫ ∫  

This give  
1

1/ 2
3/ 2 5/ 20

1

1 ( 1)ln(1 )
l l

l

e d
l

βε λε λ ε
β

+∞∞ −

=

−
+ = ∑∫  
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3/ 2 1

2 5/ 2
1

2 ( 1)l l

l

P m KT
KT h l

π λ+∞

=

−⎛ ⎞= ⎜ ⎟
⎝ ⎠

∑  

1

3 5/ 2
1

1 ( 1)l l

l

P
KT l

λ+∞

=

−
=
Λ ∑  

By λ  expansion we can find the P/KT looks like  
3

2 6 3
5/ 2 5/ 2

1 2 ...............
2 8 3

P
KT

ρ ρ ρΛ ⎡ ⎤= + + − Λ +⎢ ⎥⎣ ⎦  

We can write the ratio by 

2 3
2 2( ) ( ) ...............P B T B T

KT
ρ ρ ρ= + + +  

Where ( )jB T  is a function of only the temperature is called the jth virial 
coefficient Λ  is just the thermal DeBroglie wave length 
 
We can find total energy with E=(3/2)PV  

1

3 5/ 2
1

3 1 ( 1)
2

l l

l

E VKT
l

λ+∞

=

−
=

Λ ∑  

And λ  substituted this we get  
3

5/ 2

3 1 ...............
2 2

E NKT ρ
⎛ ⎞Λ

= + +⎜ ⎟
⎝ ⎠

 

All other thermodynamic function can be obtained the integral formula the 
energy obtained by the last formula where the density in large volume 

2- Weakly Degenerate ideal Bose-Einstein gas :  
We are treatment the ideal gas Bose- Einstein are define e βµλ =  and 1/ KTβ =  we 
are expansion in λ  as we did Fermi – Dirac we used the signs (-)  

1

k

k
k

eN
e

βε

βε

λ
λ

−

−=
−∑  

ln(1 )k

k
PV KT e βελ −= − −∑  

In last equation we see that λ  is restricted to the value 00 e βελ −≤ <  thus if we wish 
our result to be valid for all of λ  we can write N like  

0

0
01 1

k

k
k

e eN
e e

βε βε

βε βε

λ λ
λ λ

− −

− −
≠

= +
− −∑  

We can defined N by integration in summation we can write this by integration 
0ε ε>  give that and state in physical resultant must be independent of where one 

state zero of energy such that 0 0ε =  the last equation become  
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0

3/ 2 1/ 2

2

1 22
1 1

k

k

m e d
V h e

βε

βεε ε

λ λερ π ε
λ λ

−∞

−>

⎛ ⎞= + ⎜ ⎟− −⎝ ⎠ ∫  

So we can define the PV looks like  

0
ln(1 ) ln(1 )k

k
PV KT KT e βελ λ −

≠

= − − − −∑  

And by integration we can write that  

0

3/ 2
1/ 2

2

2 12 ln(1 ) ln(1 )P m e d
KT h V

βε

ε ε
π ε λ ε λ

∞ −

>

⎛ ⎞= − − − −⎜ ⎟
⎝ ⎠ ∫  

The both equation 0 1λ≤ <   
Notes : the second transformation of both equation contain a factor of 1\V . 
ordinary it is legitimate to ignore such terms since we are always interested only 
in the thermodynamic limited. 
Where 1λ →  /(1 )λ λ− →∞   we are get the integer of two equations and neglected 
the 1 in integration the result give  

3 3/ 2
1

1 l

l l
λρ

∞

=

=
Λ ∑  

Where  

3/ 23

1 gρ =
Λ  

And  
3

5/ 21 ............
2

P
KT

ρ
ρ

Λ
= − +  

Look the second terms in this equation must be neglects and the energy  
3 3
2 2

PE PV NKT
KTρ

⎛ ⎞
= = ⎜ ⎟

⎝ ⎠
 

3

5/ 2

3 1 ............
2 2

E NKT
⎛ ⎞Λ

= − +⎜ ⎟
⎝ ⎠

 

Where  

( )3
5/ 2

3 1 ............
2

E NKT g= −Λ +  

And  

1

l

n n
l

g
l
λ∞

=

=∑  
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All other thermodynamic function for a weakly degenerate ideal gas of Bosons 
following in similar way in thermodynamics function useful only for small λ  or 
small ρ  and represent small quantum correction to the limited classical result  

3- A strongly Degenerate ideal Fermi – Dirac gas  
First we shall treat the case of ideal Fermi – Dirac at low temperature and or 
height  density we get  

1

k

kk
en

e

βε

βε

λ
λ

−

−=
+  

Where  e βµλ =   

( )

1
1 kkn

e β ε µ−=
+  

As in the pervious section  kε  is essentially a continuous parameter  and we can 
write f by  

( )

1( )
1

f
e β ε µε −=

+  

Where ( )f ε  is the probability that a given state in occupied this equation the 
number of states with energy between ε  and dε ε+  give  

3/ 2
1/ 2

2

2( ) 4 md V d
h

ω ε ε π ε ε⎛ ⎞= ⎜ ⎟
⎝ ⎠  

We can define 0µ  immediately from the fact that all the states below 0ε µ=  are 
occupied and all these above are unoccupied this if N is the number of valence 
electrons  

0
3/ 2

1/ 2
2 0

24 mN V d
h

µ
π ε ε⎛ ⎞= ⎜ ⎟
⎝ ⎠ ∫  

3/ 2
3/ 2
02

8 2
3

mN V
h

π µ⎛ ⎞= ⎜ ⎟
⎝ ⎠  

And we can get 0µ   
2/3 3/ 22

0
3

2 8
h N
m V

µ
π

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  

The distribution ( )f ε  still essentially a step function a T=0 compared to 
characterize temperature 0 / Kµ  room temperature may be consider to be zero 
and it is an excellent first approximation use distribution 

0

0

( ) 1
0

f ε ε µ
ε µ
= ⇒ <

= ⇒ >  
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At room temperature the quantity 0 / Kµ  is called Fermi temperature and id 
denote by FT  . Fermi temperature are typically of the order of thus and degrees 
Kelvin  

0
3/ 2

3/ 2
0 2 0

24 mE V d
h

µ
π ε ε⎛ ⎞= ⎜ ⎟
⎝ ⎠ ∫  

0

3/ 2
3/ 2

0 02

2 24 |
5

mE V
h

µπ ε ε⎛ ⎞= ⎜ ⎟
⎝ ⎠  

0 0
2
5

E N µ=  

Where we have written 0E  to emphasize that this T=0K result the equation give 
in zero temperature distribution but not difficult to calculate correction to be 
theses zero temperature and we are expansion in power of parameter 

0/KTη µ∂==   . now we can write all thermodynamic quantities N,E, P,….. can be 
written by  

0
( ) ( )I f h dε ε ε

∞
= ∫  

 
 
Where I=N give h by  

3/ 2
3/ 2

2

2( ) 4 mh V
h

ε π ε⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

And we derive the E and N by the I by integral by part give  

0 0
( ) ( ) | ( ) ( )I f H f h dε ε ε ε ε

∞∞ ′= −∫  
Now we can fin the I give  

0
( ) ( )I f h dε ε ε

∞
′= −∫  

Where  

0
( ) ( )H h d

ε
ε ε ε= ∫  

We using the fact ( ) 0f ε =  and ( )f ε′  is nonzero only for some small region 
around ε µ=  and we can find ( )H ε  by Taylor around ε µ=   

2
2

2

1( ) ( ) ( ) ( ) .............
2

dH d HH H
d d

ε µ
ε µ

ε µ ε µ ε µ
ε ε

=
=

⎛ ⎞⎛ ⎞= + − + − +⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

2

0 12

1( ) ( ) .......
2

dH d HI H H L L
d d

ε µ
ε µ

ε µ
ε ε

=
=

⎛ ⎞⎛ ⎞= = + + +⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠
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Where  

0
( ) ( )j

jL f dε µ ε ε
∞

′= − −∫  
The first integral 1 1L =  
And we can find 1 2, ,....L L  we may replace the lower limited −∞  so we can writhe 
the probability function like  

( )

( ) 2( )
(1 )

ef
e

β ε µ

β ε µ

βε
β

−

−
′ =

+  

But ( ) xβ ε µ− =  and /d dxε β=  

20

1 , 0,1,2,......
(1 )

j x

j j x

x eL dx j
eβ

∞
= − =

+∫  

Now we can find 1 0L =  
2 2

2 2 2 20

1
(1 ) 3

x

x

x eL dx
e

π
β β

∞
= − =

+∫  

Now we can write the I by  
2 2

2
2( ) ( )

6
d HI H KT
d

ε µ

πµ
ε

=

⎛ ⎞
= + ⎜ ⎟

⎝ ⎠
 

Now we can defined 
0

( ) ( )H h d
ε

ε ε ε= ∫  and we calculate N in this case  
3/ 2

1/ 2
2

2( ) 4 mh V
h

ε π ε⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

3/ 2
3/ 2

2

3/ 22
1/ 2

2 2

8 2( )
3

2| 2

mH V
h

d H m V
d hε µ

πµ µ

π µ
ε

−
=

⎛ ⎞= ⎜ ⎟
⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

By replace I by N and give N now  
3/ 2 2

3/ 2 2
2

8 2 1 ( )
3 8

mN V
h

π πµ βµ −⎡ ⎤⎛ ⎞= +⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦
 

By equation 
  

2/3 3/ 22

0
3

2 8
h N
m V

µ
π

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  
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2 /32
2

0

2/32
2

0

2
2

0

1 ( )
8

1 ( )
8

1 ( )
12

πµ µ βµ

πµ µ βµ

πµ µ βµ

−

−

−

−

⎡ ⎤
= +⎢ ⎥

⎣ ⎦

⎡ ⎤
= +⎢ ⎥

⎣ ⎦
⎡ ⎤

= −⎢ ⎥
⎣ ⎦

 

This equation show that µ  change slowly with temperature and is 
approximately 0µ  throughout the entire solid state range of a metal  
Now we can calculate E by the I looks like  

3/ 2
3/ 2

2

2( ) 4 mh V
h

ε π ε⎛ ⎞= ⎜ ⎟
⎝ ⎠  

so we can write  
3/ 2

5/ 2
2

3/ 22
1/ 2

2 2

4 2( )
5

26

mH V
h

d H m V
d h

πε ε

π ε
ε

⎛ ⎞= ⎜ ⎟
⎝ ⎠

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

In the finally we get on E by series 
3/ 2 2

5/ 2 2
2

5/ 2 2
2

0
0

8 2 51 ( )
5 8

51 ( )
8

mE V
h

E E

π πµ βµ

µ π βµ
µ

−

−

⎡ ⎤⎛ ⎞= +⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

⎛ ⎞ ⎡ ⎤
= +⎜ ⎟ ⎢ ⎥

⎣ ⎦⎝ ⎠

 

 
By the ratio we fin E  

2
2

0
51 ( )
12

E E π βµ −⎡ ⎤
= +⎢ ⎥

⎣ ⎦
 

The last equation give the energy in power series  
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4-A strongly Degenerate ideal Bose-Einstein :  
we consider the situation when λ  not necessarily small let us to return equation 
in weakly Bose –Einstein  

3/ 2 1/ 2

2 0

22
1 (1 )

m e d
h e V

βε

βε

λε λρ π ε
λ λ

−∞

−
⎛ ⎞= +⎜ ⎟ − −⎝ ⎠ ∫  

3/ 2
1/ 2

2 0

2 12 ln(1 ) ln(1 )P m e d
KT h V

βεπ ε λ ε λ
∞ −⎛ ⎞= − − − −⎜ ⎟

⎝ ⎠ ∫  

Where 0 1λ≤ <  and we write equation by ( )ng λ  is give  

3/ 23

1 ( )
(1 )

g
V

λρ λ
λ

= +
Λ −  

5/ 23

1 1( ) ln(1 )P g
KT V

λ λ= − −
Λ  

Where  

1

1( )n ng
λ

λ
λ

∞

=

= ∑  

we can define Riemann zeta function  

1

1( ) n
l

n
l

ξ
∞

=

= ∑  

By the average number of particle in their ground state  

1kn λ
λ

=
−  

So it is clear that 0 1λ≤ <  in order to determine the equation of state now we 
need determine ,λ ρ by solving equation can find that by graphs like that  

3
3

3/ 2 ( )
1

g
V

λρ λ
λ

Λ
Λ = +

−  

And notes Riemann zeta function  
(3 / 2) 2.612....ξ =  

The rang of 3ρΛ  give 30 2.612ρ< Λ <  by  
3

3
3/ 23

3/ 2

( )
( )

a g
g

ρ λ
ρ λ

Λ
= ⇒ Λ >

Λ −  

Is a continuous function of λ  

1 a
V

λ = −  
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In this equation where V →∞give 1λ =  clearly the point 
3/ 22

3

2
h
mKT

ρ ρ
π

⎛ ⎞
Λ = ⎜ ⎟

⎝ ⎠
 to be 

a function of the T and we can find the number of particle in their ground state  

1k
Vn
a

λ
λ

= =
−  

3
3/ 23 ( ( ))k

Vn g lρ= Λ −
Λ  

We can write their in a more interactive from by define temperature 0T  
3/ 22

3
0 3/ 2

0

( )
2

h g l
mKT

ρ ρ
π

⎛ ⎞
Λ = =⎜ ⎟

⎝ ⎠
 

In this terms then 

3/ 2
0 3

( )g ln V ρ⎛ ⎞= −⎜ ⎟Λ⎝ ⎠  
 
It can be seen that where T>T0 the fraction of molecular in their ground state is 
essentially zero. This is the normal situation. Where the molecular can 
distribution smoothly over the many molecular quantum states available to each 
one. However as the temperature is lowered past T . Sadly the ground state 
begins to be appreciably population.  
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