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Abstract 
 
In this paper using the arithmetic function )(2 ωJ  we prove Schinzel’s hypothesis, 
twin prime theorem and Goldbach theorem. If 0)(2 ≠ωJ  but 0)2,(2 =Pπ , then 
there are the finite prime solutions. Using this theorem we prove that there are the 
finite Fermat’s primes, finite Mersenne primes, finite prime repunits, finite Santilli’s 
primes and finite Weiss’s primes. Using the arithmetic function )(2 ωJ  we prove 
some theorems which as yet mathematicians cannot even imagine. 
 
 

AMS mathematics subject classification: Primary 11P32.  
 
 
Copyright c 2001 by Hadronic Press Inc., Palm Harbor, FL 34682, USA. 
 
 
 
 
 
 
 
 
 

 1



1. Introduction 
    The Schinzel’s hypothesis is a famous open problem. Schinzel[1] asserts that for 
every collection of irreducible nonconstant polynomials  with 
integral coefficients and positive leading coefficients, if there is no fixed integer greater 
than 1 dividing the product  for all integers m, then there are 

infinitely many integers m such that each of the numbers  is prime. 
The case when each of the polynomials is linear was previously conjectured by L. E. 
Dickson and is known as the prime k-tuples conjecture. In this paper using the 
arithmetic function 

)(,),(1 xfxf k

)(,),(1 mfmf k

)(,),(1 mfmf k

)(2 ωJ  we prove the Schinzel’s hypothesis. If 0)(2 ≠ωJ , then 
there exist infinitely many primes P such that each of  is a prime. If )(Pf j

0)(2 =ωJ , then there exist the finite prime solutions. If 0)(2 ≠ωJ  but 
0)2,(2 =Pπ , then there are the finite prime solutions. Using this theorem we prove 

that there are the finite Fermat’s primes, finite Mersenne primes, finite prime repunits 
the finite Santilli’s primes and finite Weiss’s primes. In the same way we can prove that 
there are the finite primes of these forms: , , 

, , , , , ,
, , , , , , , 

, , , , , , 
, , , , , which as yet 

mathematicians cannot even imagine. 

125 ±× n 310,,127 ±±× nn

910 ±n 1102 −× n 3102 ±× n 7102 −× n 9102 ±× n 1103 ±× n n103×
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1106 ±× n 7106 ±× n 1107 +× n 3107 ±× n 9107 ±× n 1108 −× n

3108 ±× n 7108 −× n 9108 ±× n 1109 ±× n 7109 ±× n

2. Proof of Schinzel’s Hypothesis 

Schinzel’s Theorem[1]. If there exist infinitely many primes P such that each of 
 (for  is also a prime, then  must satisfy three 

necessary and sufficient conditions: 
)(Pf j )1,,1 −= kj )(Pf j

（ I）Let  be )(Pf j 1−k  distinct polynomials with integral coefficients 
irreducible over the integers. 

（II）There exists an arithmetic function [2-5] 

                          ))(1()(
2

2 PHPJ
iPP

−−= ∏
≤≤

ω ,              (1) 

where  is called primorials. P
iPP

∏
≤≤

=
2

ω

Let H(P) denote the number of solutions of congruence 
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1
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k

j

≡∏
−

=

where . 1,,1 −= Pq
If 0)(2 ≠ωJ , then there exist infinitely many primes P such that each of 

 is a prime .If )(Pf j 0)(2 =ωJ , then there exist the finite prime solutions. It is a 
generalization of Euler proof of the existence of infinitely many primes. 

（III）We have the best asymptotic formula of the number of primes P less than N 
[2-5], 

               )2,(Nkπ ～
N

NJf kk

k

j

k

j log)(
)()(deg

1
21

1

1 ωφ
ωω −

−
−

=

×∏ ,         (3) 

where  is called Euler function of primorials. )1()(
2

−= ∏
≤≤

P
iPP

ωφ

3. Applications of Schinzel’s Theorem 

Using the Schinzel’s theorem we prove the following prime theorems.  
Theorem 1. The prime 3-tuples, 4,2,0: =+ bbP . 

    From (2) we have the arithmetic function 

                              .0)3(2 =J                             (4) 

Therefore there are no prime 3-tuples if .3≠P  
    Theorem 2. The prime 5-tuples, 14,8,6,2,0: =+ bbP . 
    From (2) we have 

                              .0)5(2 =J                             (5) 

Therefore there are no prime 5-tuples if 5≠P . 
    Theorem 3. The prime 7-tuples, .22,16,12,10,6,4,0: =+ bbP  
    From (2) we have 

                              .0)7(2 =J                            (6) 

Therefore there are no prime 7-tuples if 7≠P . 
    Theorem 4. The prime 11-tuples, .60,36,32,26,20,18,12,8,6,2,0: =+ bbP  
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    Frome (2) we have 

                              .0)11(2 =J                            (7) 

Therefore there are no prime 11-tuples if 11≠P . 
    Theorem 5. Twin prime theorem, 21 += PP . 
    From (2) we have  

                       .0)2()(
3

2 ≠−= ∏
≤≤

PJ
iPP

ω                     (8) 

Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1 is a primes. 
    From (3) we have the best asymptotic formula of the number of primes P less than 
N 

                     )2,(2 Nπ ～ .
log)1(

112 22
3 N

N
P

iPP
⎟⎟
⎠

⎞
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⎝

⎛
−

−∏
≤≤

         (9) 

    Theorem 6.  and 21 += PP 62 += PP . 
    From (2) we have 
                       .0)3()(

5
2 ≠−= ∏

≤≤

PJ
iPP

ω                    (10) 

Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1 and P2 are primes. 
   From (3) we have 

                     )2,(3 Nπ ～ .
log)(

)(
32

2
2

N
NJ

ωφ
ωω

                  (11) 

    Theorem 7. Goldbach theorem, 21 PPN += . 
    From (2) we have 

                    0
2
1)2()(

3
2 ≠

−
−

−= ∏∏
≤≤ P

PPJ
NPPP i

ω .             (12) 

Since 0)(2 ≠ωJ , every even number N greater than 4 is the sum of two odd primes.     
    From (3) we have 

          )2,(2 Nπ ～ .
log2

1
)1(

112 22
3 N

N
P
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P NPPP i
−
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    Theorme 8.  and 61 += PP PNP −=2 . 
    From (2) we have 

         0
3
2)3()1()(

)6(,53
2 ≠

−
−

−−= ∏∏∏
+≤≤ P

PPPJ
NPNPPPN i

ω .          (14) 

Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1 and P2 are primes 
as . ∞→N
    Frome (3) we have 

               )2,(3 Nπ ～
N

NJ
33

2
2

log)(
)(
ωφ
ωω

.                       (15) 

    Theorem 9. There are the finite Fermat’s primes. 
    Proof. Suppose that 

                     .                             (16) 1)1( 2
1 +−=

n

PP

    From (2) we have  

                     ,0))(1()(
3

2 ≠−−= ∏
≤≤

PPJ
iPP

χω                (17) 

where  if ; nP 2)( =χ )2(mod1 1+≡ nP 0)( =pχ  otherwise.  
Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1 is a prime for 
every integer n.  
    From (3) we have 

              )2,(2 Nπ ～
N

NJ
n 22

2

log)(
)(

2
1

ωφ
ωω

.                       (18) 

When P=3, numbers  of this form are called Fermat’s numbers, and 
primes of this form are called Fermat’s primes. From (18) we have 

122
1 +=

n

P
0)2,3(2 →π  as 

. We prove that there are the finite Fermat’s primes. ∞→n
Theorem 10. There are the finite Mersenne primes and finite prime repunits.   
Proof. Suppose that 

                          ,
2

1)1( 0

1 −
−−

=
P

PP
P

                       (19) 

where  is an odd prime. 0P
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   From (2) we have  
                     ,0))(1()(

3
2 ≠−−= ∏

≤≤

PPJ
iPP

χω                (20) 

where 1)( 0 =Pχ , 1)( 0 −= PPχ  if )(mod1 0PP ≡ ; 0)( =Pχ otherwise. 

Since 0)(2 ≠ωJ  there exist infinitely many primes P such that P1 is a prime.  
From (3) we have 

        )2,(2 Nπ ～
N

NJ
P 22

2

0 log)(
)(

1
1

ωφ
ωω

−
.                       (21) 

When P=3, numbers  of this form are called Mersenne numbers, and 
primes of this form are called Mersenne primes. From (21) we have 

12 0
1 −= PP

0)2,3(2 →π  as 
. We prove that there are the finite Mersenne primes. When P=11, numbers ∞→0P

9
110 0

1
−

=
P

P  of this form are called repunits, and primes of this form are called 

prime repunits. From (21) we have 0)2,11(2 →π  as ∞→0P . We prove that there 
are the finite prime repunits  
   Theorem 11. There are the finite Santilli’s primes. 
   Proof. Suppose that  

                      
P

PP
P 1)1( 0

1
+−

= ,                            (22) 

where P0 is an odd prime. 
    From (2) we have 

                   ,0))(1()(
3

2 ≠−−= ∏
≤≤

PPJ
iPP

χω                  (23) 

where 1)( 0 −= PPχ  if ; )(mod1 0PP ≡ 0)( =Pχ otherwise. 

Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1 is a prime. 
    From (3) we have 

         )2,(2 Nπ ～
N

NJ
P 22

2

0 log)(
)(

1
1

ωφ
ωω

−
 .                         (24) 

When P=3, numbers 
3

12 0

1
+

=
P

P  of this form are called the Santilli’s numbers, and 
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primes of this form are called the Santilli’s primes. From (24) we have 0)2,3(2 →π  
as . We prove that there are the finite Santilli’s primes. When P=11, numbers ∞→0P

11
110 0

1
+

=
P

P  of this form are called the Santilli’s numbers, and primes of this form 

are called the Santilli’s primes. From (24) we have 0)2,11(2 →π  as . We 
prove that there are the finite Santilli’s primes. 

∞→0P

    Theorem 12. There are the finite Weiss’s primes. 
    Proof. Suppose that 

                    ,                            (25) 1)1(31 ±−×= nPP

where n is an integer.
    From (2) we have 

                    ,0))(1()(
3

2 ≠−−= ∏
≤≤

PHPJ
iPP

ω                (26) 

where  is the number of solutions of congruence )( pH

                      ,                   (27) )(mod01)1(3 Pq n ≡±−×

.1,,1 −= Pq  

Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1 is a prime.  
    From (3) we have 

            )2,(2 Nπ ～
N

N
n
J

22
2

log)(
)(
ωφ
ωω

.                            (28) 

When P=3, numbers  of this form are called Weiss’s numbers, and 
primes of this form are called Weiss’s primes. From (28) we have that 

1231 ±×= nP
0)2,3(2 →π  

as . We prove that there are finite Weiss’s primes.  ∞→n
    Theorem 13. . 216125,3625,65 2

3
2

2
2

1 +=+=+= PPPPPP
    From (2) we have  

                0))1()30(24(384)(
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2 ≠
−

−
−
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≤≤ PP
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ω .       (29) 
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Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1, P2 and P3 are 
primes. 
    From (3) we have 

            )2,(4 Nπ ～
N

NJ
44

3
2

log)(8
)(
ωφ
ωω

.                           (30) 

    Theorem 14.  18,12,6 2
3

2
2

2
1 +=+=+= PPPPPP

    From (2) we have 
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Since 0)(2 ≠ωJ , there exist infinitely many primes P such that P1, P2 and P3 are 
primes. 
    From (3) we have 

                 )2,(4 Nπ ～
N

NJ
44

3
2

log)(8
)(
ωφ
ωω

.                      (32) 

    Theorem 14.  for 1)1(2 2 +−= PP j
j 1,,1 −= kj . 

    From (2) we have 

             0)12(2)(
1

13
2 ≠⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−−= ∑∏

−

=≤≤ P
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We define the smallest positive integer s such that 

                                                    (34) ).(mod12 Ps ≡

We have  if ; kn = sk < sn =  if . sk ≥
Since 0)(2 ≠ωJ , there exist infinitely many primes P such that  are primes for 
any length k. 

jP

    From (3) we have 
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N
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1
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    Theorem 15. Suppose that  for 1)1(3 2 +−= PP j
j .1,,1 −= kj  

    From (2) we have 
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We define the smallest positive integer s such that 

                                                    (37) ).(mod13 Ps ≡

We have  if ; kn = sk < sn =  if . sk ≥
Since 0)(2 ≠wJ , there exist infinitely many primes P such that  are primes for 
any length k. 

jP

    From (3) we have 
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    Theorem 16. Let  for 1)1( 2 +−= PmP j
j .1,1,,1 >−= mkj  

    From (2) we have 
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We define the smallest positive integer s such that  

                                                    (40) ).(mod1 Pms ≡

We have  if ; kn = sk < sn =  if ; sk ≥ 1)(2 −= PPJ  if )1( −mmP . 

Since 0)(2 ≠ωJ , there exist infinitely many primes P such that  are primes for 
any length k. 

jP

    From (3) we have  
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