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Abstract 
 
In this work, we will 

 
· derive equations for the horizontal and vertical components of the recessional velocity,   
· derive the equation that predicts the expansion velocity,  
· determine the radius of our local universe at our present location,  
· calculate the total time within the limit of the shell model " "( )o oR L>  of the expansion up to our present location,  

· calculate the density of the universe at our location,  
· determine the mass located at the center,  
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· determine the mass contained within the shell between our location and the trailing edge,  
· provide an explanation for the discrepancies in the prediction by Hubble’s Equation of the velocity for large observed distances 

from our location, and 
· derive equations that will produce negative recessional velocity in all directions away from us close to our location.  

 

Introduction 
 
We will use a shell model involving special relativity to describe the expansion of our local universe to derive the horizontal and 
vertical recessional velocity components.  The horizontal component is known as Hubble’s Equation.  The vertical component is needed 
to explain the observed proper motion of galaxies.  As part of this derivation, we will derive the acceleration of a test mass as a function 
of the radius, of the shell thickness and linear rest density, and of the mass at the center for the system at low velocity.  After we derive 
the acceleration at the low velocity, we will boost the resulting equation to the laboratory frame of reference and obtain the velocity 
equation with the center as the rest frame and with the shell moving at a sub-light velocity.  For a stationary spherical shell, others [ 1] 
have derived the force produced inside the hole and outside the shell, but this treatment derives the forces inside the actual shell.  
 
This treatment of the expansion of our local universe results in negative recessional velocities for galaxies in all direction near us and 
positive values for all other galaxies, thus being a method of calculating the proper motion of galaxies that agrees with the observed 
value to a fair extent, providing the velocity of the expansion at different times, solving for all of the constants in the expansion 
equation, and calculating the density of the universe at our location within the expected range. 

 
Before we solve the problem set up above, we will explain a few items in need of clarification, namely:  
 

· What is really meant by boosting to the laboratory frame of reference? 
· How are the parameters of time and space related between the rest frame and the boosted frame? 
· What is meant by having the observer in the rest frame or in the moving frame? 
· What must we do to change the view from the rest frame to the moving frame? 

 
Special relativity always deals with the relative velocity between two locations, that is, between two points in space.  We can set up a 
one-dimensional coordinate system with marks on the space axis using a measuring rod defined by us.  We can also put at each of these 
points clocks with some form of light source to convey to us an electromagnetic signal.  We can propel an object parallel to the axis 
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with a very low reduced velocity.  If we let the reduced velocity be
v
c

b = , where v is the velocity of our test mass and c is the velocity 

of light, there will be a one-to-one correspondence between the space and time measurements in both frames (the rest frame and the 
moving frame), provided that b  is small enough, that is, if 0b @  and if we are satisfied with how large an error we can accept.  As we 
increase b  so that 1b ® , the error becomes significant.  For a system setup with the above scenario, we must use special relativity to 

measure time and space variables of the rest frame while we are in the moving frame.  With a system where 1b ® , 0t gt= , and 
'

0 d
d

g
= , where 0  t is the rest time, �  is the proper time that we would measure in the moving frame if we were measuring 0t , 0d  is the 

distance that we would measure using the at-rest measuring rods, 'd  is the distance that we would measure if we measure 0d  in the 
moving frame using the measuring rods that take into account the velocity of the moving frame relative to the rest frame, and -2 2=1-g b .  

We have chosen to use an equal sign in these equations ( 0t gt= , and 
'

0 d
d

g
= ), since both measure the same variable but in different 

frames of reference.  The clocks and measuring rods used to measure the variables �  and 'd  are only defined while using the rest frame 
as a point of reference.  Neither �  nor 'd  is defined without using the rest frame as a frame of reference from the moving frame.  
Therefore, neither variable is defined when we make measurements to points within the vicinity of the moving point that have a relative 
velocity near zero with respect to the moving frame.  Of course, we are free to define a point other than the rest frame, i.e., the moving 
frame, with the old rest becoming the moving frame.  Therefore, we can define the frame in which we are located. 
 
If we are viewing the system from the moving frame, the rest frame would appear to zip by us at a reduced velocity ( )b- .  For us to 

make correct measurements of parameters in the rest frame, we would have to use the above system with shorter space measuring rods 
and slower clocks.  However, if we were in the rest frame, we would notice the moving system zip by us at a reduced velocity b .  
Again, to make correct measurements of parameters in the rest frame from the moving frame, we would have to use shorter space 
measuring rods and slower clocks.  The proper time and the proper distance obtained from measuring the rest parameters in the moving 
frame have nothing to do with the measuring rods used to make measurement within the moving frame.  That is, the moving frame is at 
rest relative to itself and to all other points that have similar velocities.   
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We can now derive equations at low velocities and transform each one to a system that is moving with a reduced velocity b , where 
1b » .  For a system similar to our localized universe expanding with a low velocity, we would see points (galaxies) near us recede with 

a fraction of the shell velocity.  In other words, the points in our vicinity would all have a common reduced velocity.  However, we 
would only deal with two points at a time to obtain the relative velocity.  For systems with a low velocity, we would subtract the 
common reduced velocity from our reduced velocity and from the center reduced velocity.  The action of making our system the rest 
frame is shown by the following equations at the two locations, where the subscript ‘s’ refers to the point in the shell and the subscript 
‘Cen’ refers to the point at the center.  We have 

2
0

1
o o

S
o

b b
b

b
-

= =
+

 (0.1) 

( )
0

1 0
o

Cen o
o

b
b b

b
-

= = -
+

 (0.2)  

 
We have purposely used the reduced velocity in Equations (0.1) and (0.2).  We have isolated the system from any external velocities 
that we are not able to define.  Equation (0.2) would normally be written in polar coordinates to make the coefficient ob  in the equation, 

i
Cen oe

pb b= , be positive.  Equations (0.1) and (0.2) above are valid for low-velocity systems.  There are no logical reasons to suspect 
that this method would be invalid for a sub-light system; therefore, we can view the sub-light universe expansion in the same way.  In 
other words, the view that we choose only depends on where the observer is located.  Once the system is expanding, the relative 
velocity does not require that we consider either momentum or energy of the system or how the universe got to its state of expansion.  
We are only interested in how the two observers located at different places would observe the system.  We do not require that the 
observer change location once that observer is located at either the shell or the center points. 
 
The measuring rods that we measure time and space with are dependent upon the relative velocity calculated between the velocity of the 
frame of reference that we have assigned as the rest frame and the velocity of the moving frame.  Both the center and the shell may or 
may not have a common velocity.  However, the common velocity does not enter the determination of the relative velocity except as it 
must be zeroed out of the problem so that the frames that we are working in have a zero undeterminable common velocity.  Clocks in 
the frame in which the observer is located can be treated as being in the rest frame or the sub-light frame if we are making observations 
on the other frame.    
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When we boost a massless laboratory frame, we adjust its velocity to match the moving system velocity.  Measuring rods used to 
measure distance and tick mark used to measure time in the laboratory frame are the same as the ones in the moving system if we are 
viewing from the rest frame.  In other words, we take our measuring rods and clocks with us to measure the space and time in the rest 
frame.  When we boost to the massless laboratory frame, we have to measure time with clocks that have longer intervals between ticks 
and distance with shorter measuring rods when measuring these variables with respect to the other frame.  We have to remember that 
they must not have any mass.  We would have to shorten the measuring rods and slow the clocks to make correct measurements of the 
rest frame as we gain relative velocities to it.  There is no energy expended nor is there any change in momentum in boosting the 
laboratory frame to match the moving frame velocity, since we have specified that the laboratory has no mass. 
 
We can set up our problem either with the point being the rest frame and the other point being the moving frame or vice versa.  Both 
methods will give us the same result, since the relative velocity would be the same.  However, there are no known technologies that 
would let us move from one of these setups (where 1b » ) to the other at this time.  Therefore, we are permanently located on the point 
that we are on.   
 

 
Derivation of the Expansion Equation 
 
From our vantage point, it appears that our local universe is expanding, except for those galaxies near us.  Observations made from our 
location indicate that as we observe points (galaxies) that are spatially and/or temporally separated from our position, the apparent 
relative velocity of these galaxies increases with their distance from our location.  The constant increase in velocity with distance is true 
only up to a certain point, after which, the slope of the velocity versus separation distance decreases.  In other words, points very far 
away from us are receding slower than we would expect according to Hubble’s Equation.  Our treatment must provide an equation that 
allows the recessional velocities to have a constant increase and then lets the rate of increase decrease at a certain distance from our 
location. 
 
Exceptions to Hubble’s equation are also found for galaxies near our location that have negative recessional velocities.  If one plots the 
direction to these galaxies as vectors starting from the center of the earth and pointing to the respective galaxy, one sees a fairly even 
distribution of galaxies with negative recessional velocities.  Our equation must predict negative recessional velocity in all directions for 
galaxies near us and positive recessional velocities for ones farther away.   
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If one looks out in any direction from our location, one will find galaxies.  Based on this observation, it would appear that at our 
location, the universe has depth.  In our model, we will assume that this depth can be explained by the physical nature of an expanding 
shell.  
 
We will also assume:  

1. that the shell has a constant finite linear mass density of 0 1(  )C kg m- , 
2. that the volume density decreases as we move away from the center, 
3. that the shell is expanding at a velocity below the speed of light, 
4. that this may not be the only one of such systems,  
5. that other systems like ours are far enough away from us that the forces exerted by them are negligible in the expansion of our 

system,  
6. that a centralized mass is located at the center of the shell, 
7. that there is no mass located beyond a certain point along the radial arm away from the center (or that there is a leading edge),  
8. that there is a trailing edge, since otherwise there would be no shell, 
9. that during the expansion, the trailing edge would pile up because there would be no forces acting on it except the forces caused 

by the centralized mass (assuming there is one),  
10. that the contraction of the shell will cause a negligible change in the thickness of the shell for the period of interest, 
11. that any mass located beyond our point in the shell will have no influence on the expansion at our location (this is expected with 

the following exception: if the part of the shell farther away from the center than we are had already expanded and the leading 
edge had collapsed and was presently located between us and the center of our universe), 

12. that the shell is defined with our point being on the surface of a sphere, 
13. that the shell has the same velocity throughout its entire thickness, and 
14. that the entire shell will possess different velocities at different times. 

 
In the expansion of the real universe, the velocity of each sub-shell would decrease as we move away from the center.  The reason for 
the differences in velocities as we travel away from the center within the shell is that we are adding mass between us and the center, 
thereby increasing the forces on our test mass and the time over which these forces act.  Our theory cannot accommodate these velocity 
changes in one continuous expansion.  For each pair of points, we have to have two expansions.  In addition, we have to have many 
pairs of these points. 

 
These assumptions are made to create a simpler problem, which we can solve to explain the expansion of our universe. 
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If one plots the relative velocity of a particle versus time, the slope of the line is the acceleration.  For an arbitrary direction, the plot of 
the velocities of galaxies farther away from us versus distance has a positive slope, since we are plotting the mirror image of the actual 
situation.  The actual plot should be plotted on the negative time axis.  Since we will multiply the time differential by the velocity of 
light, the distance becomes negative.  The time corresponds to the time that light is emitted before it is received at our location.  We 
have assumed that we are at the center of the expansion.  We have set our clocks to zero and measure distance from our location and/or 
back in time.  Hubble’s Equation was determined empirically by setting our time to zero and then determining distances to the other 
galaxies.  This was done without regard for the time that our universe has taken to expand to our current location.  However, we will see 
that we must consider the total time that the universe has been expanding along different radii.  In addition, as we go back in time, we 
are looking at the velocities of the universe at various (earlier) times; in other words, we observe velocities in the direction toward the 
center.  We have to remember that we have rewound the entire time evolution of the universe when we reach the point from our 
location at which the radius of the universe is near zero.   
 
The plot of these values as a function of time in the direction toward the center must also consider the velocities and the positions of 
galaxies in the universe as they were in the past.  The slope of this plot would be negative and would indicate the deceleration of the 
shell.  Therefore, as we look back to a given early time, we would see a galaxy moving with the velocity that the shell had at that time.  
Thus, as we go back in time, we would see the shell moving with a higher velocity.  If we followed our own galaxy through time, it 
would appear to decelerate.  The slope of this plot has an acceleration of approximately -70 km/second/megaparsec.  A megaparsec is a 
distance equal to 3.2 million light years or 1.009 EE+14 light seconds.  The deceleration rate for the slope of -70 km/second* 
megaparsec will be about -7 EE -10

 
meter sec-2.  The velocity of light is in both numerator and denominator, so it is eliminated.  The 

negative sign indicates that the shell is decelerating.  
 
Since the rate of deceleration is very small, we are certainly justified in using classical mechanics in our derivation and then boosting 
the shell to a sub-light velocity, where special relativity governs the expansion equations.  We do not know the direction of this 
acceleration, but we know that it will be directed toward the center of our island universe.  Likewise, we do not know the velocity of the 
shell as it travels away from the center.  Nevertheless, we expect that the velocity must be close to the velocity of light, since the forces 
act over a very long time, based on observations of the oldest stars, which are approximately 1.0 EE +10 years old.  With our local 
universe expanding at sub-light velocity, the deceleration is less effective.  At a velocity close to the velocity of light, the universe could 
not be starting another hyper-expansion phase. 
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Before we start to derive these equations, we need to explain that there are four frames of references in this problem.  Each frame of 
reference will have its own measuring rods for measuring intervals in time and space.  The phrase “frame of reference” really refers to 
the coordinate system that we are using to make observations. 
 
These frames are as follows: 
 

1. The first frame is at the center, with observations and measurements made there from the viewpoint of the center being at rest 
and the shell moving at a low velocity.  In this reference frame, the mass at the center will occupy approximately the same 
position with respect to the center of the shell.  This is not to say that this reference frame is stationary with respect to other 
systems like ours.  In other words, for other island universes like ours, it would be just another point in space.  This frame of 
reference will always be denoted by the superscript “zero.”  Measurements of space and time can be made at any location and 
will have the same unit vector length. 

2. The second frame of reference is the surface of a sphere moving at a highly reduced velocity, that is, near the speed of light, as 
measured from the center in the frame at rest.  Parameters measured in this frame of reference are denoted by a single-prime 
superscript.  This frame is the laboratory frame as viewed from the center. 

3. The third frame of reference is a rest frame located within the shell, which will be regarded as our position.  This frame of 
reference is identical to the first frame at low velocities, but with the observer located at a different position and will be denoted 
with a superscript zero when deriving the recessional and proper motion equations before boosting.  This frame is the rest frame 
even at high velocities when we view the universe from our location inside the shell. 

4. The fourth frame of reference is viewed from our rest frame with the center moving at a velocity below the speed of light.  We 
will denote this frame of reference with a double-prime superscript.  This frame has identical measuring rods as those used in 
Frame 2 above.  The only difference is that the observer is in the shell, with his location being regarded as the rest frame and 
from which the center appears to be moving at a velocity very close to that of light.    

 
The observer is always in either Frame 2 or Frame 4 after the system is boosted to sub-light velocity.  To an observer at any location, 
the universe appears to be moving and his or her location appears to be at rest.  Once the observer is in one place, he or she can never 
obtain the position of the laboratory frame, at least within a short period of time, by a propulsion system of electromagnetic energy.  
Therefore, the observer is permanently located at his or her position. 
 
As a result of these changes in reference frame, the unit vectors with which we measure time and space will either increase or decrease 
in size, depending on the frame of reference from or to which we are observing.  In other words, the size of our measuring rods will 
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change as we go from one frame to another, if we insist that we view the other frame from our perspective.  When we are observing any 
space and time parameters that involve measurement from the center, we will have to use special relativity, that is, Frames 2 and 4.  
Each of these frames is equivalent to the laboratory frame of the other.   
 
The length of our unit vectors will be the same whether we measure with our frame being the rest frame and consider the center moving 
or whether we measure at the center as the rest frame and consider our frame moving, since the relative velocity will be the same in 
both cases.  When we calculate the distances from our galaxies to other galaxies, measurements of space and time are made from our 
location to the center, since the distances are functions of the differences in the total time of expansion.  Whether we derive our 
equations in Frame 1 and boost to Frame 2 or derive the equations in Frame 3 and boost to Frame 4, the equations will yield the same 
relative velocities.  Since it is easier to visualize the derivation in Frame 1, we choose to derive the velocity equation in Frame 1 and 
then boost it to a sub-light velocity, that is, Frame 2.  However, we will derive Hubble’s Equation and the description of proper motion 
in Frame 3 and boost these equations to Frame 4, since all of our observations concerning recessional velocities have been made in 
Frame 4, that is, the double-prime frame.  All our mathematical derivations and constants have been determined in our rest frame with 
the center moving at a sub-light velocity.  However, our frame is equivalent to the laboratory frame with respect to the center’s rest 
frame, from which we appear to be moving at sub-light velocity.  We can use all constants that we have determined in our rest frame at 
any other location within the universe, since all other points where observations are made would be in the observer’s rest frame 
provided that we do not transfer measurements to other points. 
 
We require only two points to measure the relative velocity.  Additional points will give us no new information about which point is 
moving.  In fact, there is no way to determine the point that is actually moving if all we have is the relative velocity between points.  
The determination of which point is moving only depends on where the observer is located.  If the observer is at one point, he is at rest 
with respect to that point and with respect to all other co-moving points.  All non-co-moving points appear to be moving.  We can never 
determine certain facts in an absolute sense without an absolute reference frame.  However, we cannot find an absolute reference frame.  
In other words, the center of our universe is not a special frame of reference.  Nevertheless, we will find here that we can derive 
equations and then transfer these equations from one frame to the other and be sure that our measurements will be comparable with our 
observations.  All of these equations will have the rest frame as their basis.  In other words, all equations are written so that all parts of 
the equation that are added together represent the system moving at sub-light velocity.  The only difference is the measuring rods used 
to adjust each part in accordance with special relativity.  However, the rest frame is the basis. 
 
At this point, we do not know what roles the expanding shell or the mass located at the center will play in the expansion.  We do know 
that at low velocity, forces are additive.  That is,  
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Total Centralized  ShellF =F +F
 

 
With this knowledge, we can independently derive the forces contributed by the shell and by the centralized mass, and we can then sum 
the two forces to find the total force acting on a point mass inside the shell. 
  
Take a spherical shell at rest with a radius Ra and thickness La, both measured in meters.  The shell extends from Ra - La to Ra.  We are 

located somewhere within this shell.  We will again assume that the shell has a linear rest mass density 0C in kg m-1, which remains 
constant along the path from Ra - La to Ra.  The entire system is made up of many shells, each with a thickness of 1 m.  Each of these 

shells contains 0C  kg of mass.  We will further assume that the mass is distributed evenly in the volume of each of these sub-shells 
along the path from Ra - La to Ra.  We will assume that La is constant. 
 

The Force Caused by the Shell - Frame 1 
 
We are working in Frame 1.  However, we have purposefully deleted the superscript zero for all variables in the intermediate steps for 
convenience.  To determine the force that the mass in the shell would exert on the expansion of the shell, we proceed as follows: 
 
Denote r as an arbitrary radius of a very thin spherical sub-shell – the thin shell may in fact be light-years thick – contained in the shell 
between Ra - La and Ra.  Furthermore, let the thickness of the sub-shell of radius r be Dt.  Let the half-width of this sub-shell be 

2
tD

.   Let the distance from the center (r = 0) of this thin shell, denoted by O, to the location of the half-width point in the sub-shell be 

2
r

tD
+ .  Denote the half-width point as T.  Place a test mass mo at point T.  Draw two more lines of the same length intersecting at O 

and making an angle q  with OT on each side of OT.  Denote the termini of these two vectors by Q and P.  Connect the points Q and T 
to form an isosceles triangle OTQ.  Similarly, connect the points P and T together to form another isosceles triangle.  Since the sides of 
the two triangles are of equal length, the apex angles are also equal.  Therefore, QT = PT = x.  All four of the base angles of these 
isosceles triangles are equal.  Set these base angles equal to a. The forces on the point mass will be directed toward T from Q and P.  
Denote these forces by F1 and F2.  Draw two more radii intersecting at O on each side of OP and on each side of OQ with length r + 
Dt/2 and making an angle dq/2 with OP and OQ.  If we rotate these radii about the line OT by a differential angle df , we will form a 
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differential surface area with the mass contained in the differential volume element with thickness Dt.  Let the differential mass equal 
dm.  The forces in the direction of the differential mass at P and Q perpendicular to OT sum to zero.  We are left only with the forces 
that point inward toward the center.  The individual components of the horizontal forces acting on the point mass in this differential 
volume element (confined between r and r + Dt/2 in the region df -  dq) are FPcos(a)

 
and

 
FQcos(a).  The total differential force acting 

on this point mass from this volume element is obtained by summing all of the Fi in pairs along the circumference of this circle of radius 

(r + Dt/2 )sin(q).  This is done as follows: 
 
The length of the differential surface at P is (r + Dt/2)sin(q)df , its width is (r + Dt/2)dq, and its thickness is Dt/2.  The mass inside the 
shell with radius equal to or less than the radius where the test mass is located can produce forces on the test mass.  The volume is 

( )
2

sin
2 2

dV r d d
t t

q q f
D D� �= +� �

� �
 

Integrating with respect to f  from 0 to 2p , we have 

( )
2

2 sin
2 2

dV r d
t t

p q q
D D� �= +� �

� �
 

This is equivalent to pairing the forces.  If one assumes that the density is constant in the sub-shell, the differential mass is 

( )
2

2 sin
2 2

d dV r d
t t

m r pr q q
D D� �= = +� �

� �
 

The force for the differential mass is given by 
( )

2

cosoGm d
dF

x

m a
= -  

 

( ) ( )
2

2

2 sin cos
2 2oGm r d

dF
x

t t
pr q q a

D D� �+� �
� �= -  
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However, by the law of cosines, ( ) ( )( )
2 2 2 2

2 2 cos 2 1 cos
2 2 2 2

x r r r r
t t t t

q q
D D D D� � � � � � � �= + + + - + = + -� � � � � � � �

� � � � � � � �
, substitution yields 

 

( ) ( )

( )( )
cos sin

2
1 cos

oGm d
dF

tp r a q q

q

D

= -
-

.  Let r = .  Let 0 and remembering that
2

r
tD

D D ®   

( ) ( )1 cos
2  or =  and cos =cos sin

2 2 2 2 2 2

qp q p q q
a q p a a

-� � � �+ = - - = =� � � �
� � � �

, we have 

 

( )( ) ( )
1
21 cos sin

2
oGm d dr

dF
p r q q q

-
-

= - .  Integrating with respect to �  from 0 to � , we have 

2 odF Gm drp r=  

 Let 0 0M=C ;  then dM=Cr dr   
0 0 0

2

dM
=

dVdV dV 4
C dr C C

r
dr

r
p

= = =              (0.3) 

Equation (0.3) is valid from 0 0r R L= -  to 0R , where 0R  is the radius and 0L  is the thickness of the shell.  Substitution of Equation 
(0.3) for the density gives 

0
0 0 0

2
 from R -L  to R  

4
oGm C

dF dr
r

= -  

Integrating from 0 to F and from 0 0 0R -L  to R  in the shell up to an arbitrary point within the shell, we have                                

( )

00

0
20

0

  
2 1

o
Shell

Gm L C
F

L
R

R

º -
� �

-� �
� �
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Force Caused by the Mass at the Center  
 
We are working in Frame 1.  The forces exerted by the centralized mass on the point mass, mo, are 

( )20

o
Centralized

GMm
F

R
= -   

The total force, written in the rest frame, is 
 

Total  Shell CentralizedF =F +F
 

 

( ) ( )
00

Total 20 020
0

F =-
2 1

o oGm L C GMm

L RR
R

-
� �

-� �
� �

 

If we multiply each term on the right-hand side by 
2

2

c
c

 and substitute 0
Total oF m a= , provided that we remember that mo is the test point 

mass and that we can divide by it, we have the following equation:  

( ) ( )

2 0 2 0
0

0
00

0

 -
22 22 1

s cc b L c b L
a

L RR
R

= -
� �

-� �
� �

             (0.4) 

0 0

s c2 2 0

2
Where b  and b

GC GM
c c L

= =  

We are shifting to the single-prime frame – Frame 2.  Now, we will transfer these results to the laboratory frame with the shell moving 
above 0.2c velocity, where c is the speed of light.  Since the laboratory reference frame is arbitrary, we can observe the system from any 
location under different conditions.  Each of these observations has a unique value.  The acceleration transforms as  
 

0

3'
a

a
g

= ,                (0.5) 
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where 
2

1

1
g

b
=

-
, b

 
 = v/c, and v is the velocity of the test mass relative to the rest frame, which is the center.  The equation is valid 

for small values of 0a . 
 
Let ' ' ', L,and Ra  refer to a state where the velocity of the expansion is greater than, say, 0.2c.  Substitution of Equation (0.4) into 
Equation (0.5) gives 
 

2 2
'

22

' '
 -

2'2 2 '2 ' 1
'

s cb L c b c L
a

L RR
R

gg
= -

� �-� �
� �

             (0.6) 

     

However, 
( ) ( )2 22 ' ' 2 2 2 2

2
2 ' ' ' ' '

1d '
a' =  v

2 2 2

d dR d dR d d dR d d c d c c
c c c

d d d d d d dR dR dR dR dR

b gb
b b b b

t t t t t t

--� �
= = = = = = = - = -� �

� �
, where t is the 

proper time.  By substituting a’ into Equation (0.6), we have 
 

2 ' 2 '2
2

' '2 ' ' 2

'

d(1/ ) 1
a'= - c

2 22dR 2 21

s cb c L b c L

LR R
R

g

g g
= - -

� �
-� �

� �

 

Simplifying and integrating, we have    
'

'

2

' 1
R2

2 '

1
 1 1 e

R

s
c

Lb bLC
g

b
� �
� �
� �
� �

-� �
= � �

� �
- = -              (0.7)  

where 2C  is a constant of integration.  Both bs and bc are true constants as long as L’ is constant.  However, bc is an inverse function of 
L0 where L0 was defined as the thickness of the shell in the rest frame – Frame 1 – and changes as we move far away from the location 
at which we determined the constants in Equation (0.7).  L0 will be assumed to be constant over the distances that we are considering in 
this paper.  Equation (0.7) allows the velocity to vary as we change positions within the shell.  However, it does not allow us to have 
different velocities as we change position using the same expansion equation.  The real universe expands only once.  In our model, we 
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must have more than one expansion for different locations within the shell, since we have assumed that L0 is constant over the entire 
thickness of the shell, with the shell having the same velocity for its entire thickness.  We should note that Equation (0.7) is invariant 
with transformation from the prime frame to the rest frame. 
 

Hubble’s Equation viewed from our location as the rest frame  
 
We have derived Equation (0.7) assuming that a shell expanding at sub-light velocity can represent the universe.  We will derive 
Hubble’s Equation and the proper motion equation for the sub-light system.  We will set up the problem viewed from the center – 
Frame 1 – and then explain the relationship between the views from Frame 1 and Frame 3.  The two methods of derivation would give 
equivalent results. 
 
The expansion is shown in Figure 1 for two arbitrary points in time for the system in Frame 1.  Although the universe may be 
expanding at sub-light velocity, we will derive these equations using a model that has a very low expansion velocity, and then boost 
each one to a sub-light velocity.  Let the point at our location be defined with the subscript ‘o’ and let the other point be defined with the 
subscript ‘j.’   If we take a point at which we are located, point ‘o,’ and look at another point, point ‘j,’ our point will be expanding 
along one radial path, and the other point will be expanding along another radial path away from the center.  Let the radial distance from 
the center to point ‘o’ be 0

oR  and the other point from the center to point ’j’ be 0
jR .  The reduced velocity vector at point ‘o’ will be 

ob , and the reduced velocity vector at point ‘j’ will be jb , as observed from the center as the rest frame.   In our model, the velocity 

vectors of these two points will be separated by an angle q .  The direction of these reduced velocity vectors, as well as the vectors 0oR  

and 0
jR , will likewise be along their respective radial arms pointing away from the center.  If we connect point ‘j’ and point ‘o,’ we will 

have a vector, say, 0
ojd .  By connecting point ‘o’ and point ‘j,’ we will form a triangle if we include the radial arms.  Let the angle 

between the radial arm pointing toward the center at our location and the line connecting point ‘o’ and point ‘j’ be oA  and the other 

angle at point ‘j’ be jA .   

 
We are changing to Frame 3.  Because we are located at a point in the shell, point ‘o’, the center will appear to be receding away from 
us along the radial vector 0

oR- ; likewise, at point ‘j,’ the center will appear to recede from point ‘j’ along the radial vector 0
jR-  by the 

reduced velocity vectors, - ob  and - jb , respectively.  Both of these velocity vectors would be negative.  For objects receding away from 
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each other, the recessional velocity is positive.  To circumvent this dilemma, we must take the expansion setup through an inversion for 
the expansion of the shell given above through the center.  By taking the expansion setup through an inversion, we will obtain the 
system from which we are viewing, that is, a point within the shell.  Both the expansion diagram and the inversion diagram are shown 
in Figure 2.  For the inverted diagram, all four of these vectors, 'ob , 'jb , 0

'oR , and 0
'jR , increase in their respective direction.  The 

agreement in the positive direction of these vectors is important, since the reduced velocity vectors are functions of their respective 
radii, that is, 0

'oR  and 0
'jR .  The relative velocities at the tips of the vectors 0

'oR  and 0
'jR  with the center are ob  and jb , respectively.  

In other words, we have changed the velocity of the center to zero. 
 
The above model is assumed to be identical to the universe except for the magnitude of the expansion.  If the system is expanding at a 
low velocity, we can use classical physics to derive the recessional velocity equation and the proper motion equation.  There will be two 

cases as viewed from the center or from the shell.  Case I will be for 0

2oA
p

> , and Case II, for 0

2oA
p

< . 

We are dropping the prime sign on ‘o’ and ‘j’ until we calculate 0
oA , since both the expansion viewed from the center and the 

expansion viewed from the shell in the inverted diagram of Figure 2 are identical if we rotate one of them by 180 degrees within the 
plane containing points ‘o,’ ‘j,’ and the center while holding the other part of diagram in Figure 2 still.  As we will see later, we will 
have to use the inverted diagram when calculating the angle 0

oA  (the angle between 0
ojd  and the radial vector, 0

cR ).   

 
Let the total times that point ’o’ and point ‘j’ have been expanding be j and tot .  The total time extends from the center to the points in 

the shell.  The distance from point ‘o’ to point ‘j’ in the inverted diagram with the shell as the rest frame and the center moving will be 
given by  

0
ojd ( ).j oc t t= -    

 
Even though doj is a measure of distance between the points ‘o’ and ‘j,’ it has to be treated as a time variable when we boost the system 

to the laboratory frame of reference, since it is a function of time.  The variable 0
ojd  is negative for 0

2oA
p

<  and positive for 0

2oA
p

> .  

For 0

2oA
p

> , point ‘j’ is farther from the center than point ‘o’ is.  For 0

2oA
p

< , point ‘j’ is closer to the center than point ‘o’ is.  We 
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must remember that  and j ot t  both measure the total time that the universe has expanded from the center to point ‘o’ or point ‘j.’  These 

variables will have to be treated differently when 0

2oA
p

<  and 0

2oA
p

> , that is, depending on the way that we set the clock to zero time.   

 
 
 

Case I:  0 0 0
jo oj j, d 0, d 0 where t .   

2o oA and t
p

> < > >   

For the expansion of the real universe, tj is greater than to.  However, in our model the light would have to travel from point ‘o’ to point 
‘j’ for t j > to.  Therefore, we must set up the problem so that the light is traveling from point ‘j’ to point ‘o.’  Because the universe is in 
free fall, we let the universe contract – the reverse of expansion – to accommodate the condition that light is transiting from point ‘j’ to 
point ‘o.’  Since the universe is in free fall, we can freely change the direction of the expansion to contraction.  The relative velocity 
between point ‘o’ and point ‘j’ must be equivalent whether it is determined at point ‘o’ or at point ‘j.’  Therefore, we can let the light 
transit from point ‘o’ to point ‘j’ and calculate the relative velocity at point ‘j’ by letting the universe expand.  We chose to take the 
second scenario; that is, the light path is made to flow from point ‘o’ to point ‘j.’  By choosing this scenario, the universe is expanding, 
that is, the opposite of contraction. 

( ) ( ) ( )
( ) ( )( )

0

 

jo o j o o j j o o o j o j j j

o j j o o

d c t t c c

c c

g t g t g t g t g t g t

g g t g t g t

= - = - = - + -

= - + D = D
 

Setting 0jt = , we have 
0 "

jo o jod dg=                 (0.8) 

 
As shown in Figure 2, the recessional velocity consists of the differences in reduced velocity components at point ‘j,’ that is,  
 

( )( ) ( )
( ) ( )( )

0 0 0

0 0 0

cos cos

1 cos cos

j o o o

r

o o j o

A A

A A

b p q b p
b

b p b p q

- + - -
=

+ - - +
           (0.9) 
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( ) ( )
( ) ( )

0 0 0

0 0 0

cos cos

1 cos cos
o o j o

r

o o j o

A A

A A

b b q
b

b b q

- +
=

+ +
            (0.10) 

Equation (0.9) determines the recessional velocity at point ‘j,’ while Equation (0.10) determines it at point ‘o.’  Basically, Equation 
(0.9) and Equation (0.10) are the same. 
 
Substitution of trigonometric identities into Equation (0.10) gives 

( ) ( ) ( ) ( ) ( ) ( )
( )

2 0

0 0 0 0

2 2 0

sin
cos cos sin sin

2
1 cos

o j o j o j o

r

o

A A A

A

q
b b b b q

b
b

- + +
=

+
        (0.11) 

Substituting ( ) ( )0 0

0
0

sin
sin

jo j

o

d A

R
q =  into Equation (0.11) yields 

( ) ( ) ( ) ( ) ( ) ( )

( )

2
0 0 0 0 0

0 0
0 0

2 2 0

cos sin sin
cos sin

2

1 cos

j o jo j jo j
o j o j o

o o

r

o

A d A d A
A A

R R

A

b
b b b

b
b

� �
� �- + +
� �
� �=
+

      (0.12) 

where 0
jod  and 0

oR  are the magnitudes of the respective vectors and 0 0 0
j oA Ap q= - -  

        
Expanding the sine term in Equation (0.12), we have 

( ) ( ) ( ) ( )
( )

( )

( )

20 0 2 0 0 2 0
0

2 00

2 2 0

3 cos sin sin
cos

2

1 cos

j jo o o j jo o

o j o
oo

r

o

d A A d A
A

RR

A

b b
b b

b
b

- + +

=
+

       (0.13) 

where 
2oA
p

> .  Boosting Equation (0.13) to the laboratory frame (Frame 4), we have 
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( ) ( )
( ) ( )( )

( )
( )( )

22 " 2 " " 2 "

2 22" " " "

3 sin sin

2 4 1 cos 2 1 cos

j o jo o j jo oj o

r

o o o o

d A d A

R A R A

b g bb b
b

b b

-
= - +

- -
         (0.14) 

j o 2 2

1 1
1 1

j o

b b
g g

- = - - -  

By expanding 
2

1

jg
 in terms of " " and o joR d , we have the recessional velocity rb  – the relative velocity – between point ‘o’ and point ‘j’ 

in terms of the variables in Equation (0.7) and the distance between point ‘o’ and point ‘j.’ The distances to all galaxies have been 

generally considered to be positive.  Since point ‘j’ has been expanding longer than point ‘o’ for angles 0

2oA
p

> , jt  will be greater than 

ot .  Again, we must let the light travel from point ‘o’ to point ‘j’ or let our model of the universe contract and then reverse it to have 

j ot t> .  In this paper, we will use a model where the light travels from point ‘o’ to point ‘j.’ In this model, jt  is the time required for the 

entire shell to expand to 0
jR .  In other words, point ‘j’ will be closer to the center when the light is emitted than it will be when the light 

is received.  During the time that the light is traveling from point ‘o’ to point ‘j,’ point ‘j’ will travel a distance along its radial arm.  

( )0 0jo o jd c t t= - < .   

However, ( )0 0oj j od c t t= - > .  Figure 3 shows the relationship among the various parameters for the contraction played in reverse time. 
0 0 0 0 j j oj hR L d Rb= + +  

We use b  instead of ob  or jb , since we cannot calculate the average velocity when we average two velocities that are close to that of 

light.  We will assume that b is equal to one.  0
hR  is the size of the hole where there is no mass; thus, we have 

0 0 0 0 j j jo hR L d Rb= - +               (0.15) 

 0 0 0
o o hR L R= +                 (0.16) 

Eliminating 0
hR  from Equations (0.15) and (0.16), assuming    1b @ , and boosting to the double-prime frame – Frame 4 – we have 
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( )
2 "

" " " "
" "

1j o jo
o o j j

o o o

d
R L R L

R L

g g

g

� �
- - = -� �� �-� �

            (0.17) 

Also, we have 

( ) ( )0 0 0 0 0 0cos cos  where 0o oj j j ojR d A R dq + = >  

( ) ( )0 0 0 0 0 0cos cos  where 0o jo j j joR d A R dq - = <   

After substitution of 
( )2 0sin

1
2

q
-  for ( )0cos q , expansion of 0

jA , and collection of like terms, we have 

 

( ) ( )
( )

( )20 0 0 0

0 0
2 00

3 sin cos
1  

2

jo o jo o

o j
oo

d A d A
R R

RR

� �
� �- + =
� �
� �

 

Again, boosting to the double-prime frame – Frame 4 – we have 

( ) ( )
( )( )

22 " 2 "2 "
" "

2"
" 2 "

3 sin
1

2 1 cos

o jo oj o jo
o j

o o
o o

d Ad
R R

R R A

gg g

g b

� �
	 
- - @
	 
-	 
� �

           (0.18) 

 

j o

2 2

1 1 1
1 1

2 2 j o

b b

g g

� �-
@ - - -� �

� �
� �

             (0.19)   

       
Substituting Equations (0.17) and (0.18) into Equation (0.19), we have 
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( ) ( )
( )( )

( ) ( )

j o

2 " 2 "

" " " ""

2 "2 22 " 2 " 2 " 2 "2 " 2 "

2" "
" 2 " " 2

2

1 1
1 2

1 exp 1
2 3 sin 3 sin

1 1
2 1 cos 2 1 cos

bs

o jo o jo

o o o oo

o o
o jo o o jo oo jo o jo

o o
o o o

d d

R L R LLc j
bc

Rd A d Ad d

R RR A R

b b

bg bg

g g gg g

b b

-

� �
� �� � � �
� �- -� � � �� � � �- -� �� �� � � �@ - -� �� �� � � �� �	 
- - - -� �	 
� �- -	 
� �� � ( )( )

2

2
"

1
1 1

o

oA

g

� �� �� �� �� �� �� �� �� �� �� �� �� �- - -� �� �� �� �� �� �� �	 
� �� �� �	 
� �� �	 
� �� �� �� �� �

 (0.20) 

Expanding and substituting Equation (0.20) into Equation (0.14) yields  
 

( )
( )
( )( )

( )
( )( )

2" 2 " " 2 "
2" "

0 1 2 3 42 2
" "

sin sin

1 cos 1 cos

o o

r o

o o

d A d A
H H d H d H H

A A
b

b b

� � � �
� � � �= + + + +� � � �� � � �- -� � � �

       (0.21) 

where rb  is the reduced recessional velocity and ( ) ( )
( )

"

0

"

cos
  cos 1 

1 cos
o

o

o

A
A

A

b

b

� �- +
� �= ® -
� �-� �

 for all values of " 
2oA
p

>  if 1b » .  In Figure 2, 

the velocity vectors ob  and jb  have been moved to the extrema of 'o
R  and 'j

R , respectively.  By moving these vectors to the extrema 

of 'o
R  and 'j

R , we have set the velocity of the center to zero in the inverted diagram of Figure 2.  The angle "
oA  is the one measured and 

is the same as the angle in the inverted diagram. 0
oA  is the angle that we would measure if we were to measure "

oA  in the rest frame at 

the center.  The transformation is much clearer in the single-prime frame – Frame 2.  We are located in the shell, and we measure 'oA  
directly.  The angles that we measure while moving must be transformed with the transformation equation, 

( ) ( )
( )

'

0

'

cos
cos

1 cos
o

o

o

A
A

A

b

b

� �- +
� �=
� �-� �

, when they are viewed from the rest frame at the center.  
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Case II: ( )0 0
o,  and 0 where t

2o oj joj
A d t

p
< < >  

( ) ( )0
ojd ( )j o j j o o j j j o j o o oc t t c cg t g t g t g t g t g t= - = - = - + -  

( ) ( )0
ojd  o j o j j oc ct g g g t t= - + -  

If we set 0 ot =  in the first term, we have 
0 "

oj ojd djg=  

Now, in this part of the derivation, the universe is expanding.  Recalling Equation (0.11), we have 

( ) ( ) ( ) ( ) ( ) ( )
( )

2 0

0 0 0 0

2 2 0

sin
cos cos sin sin

2
1 cos

o j o j o j o

r

o

A A A

A

q
b b b b q

b
b

- + +
=

+
          

Substituting ( ) ( )0

0
0

sin
sin  

jo o

j

d A

R
q = , we have 

( ) ( ) ( ) ( ) ( ) ( )

( )

2
0 0 0 0 0

0 0
0 0

2 2 0

cos sin sin
cos sin

2

1 cos

j o jo o jo o
o j o j o

j j

r

o

A d A d A
A A

R R

A

b
b b b

b
b

� �
� �- + +
� �
� �=

+
      (0.22) 

 Boosting to the laboratory frame, Frame 4, we have 

( ) ( ) ( )
( ) ( )( )

( )
( )( )

24 " 2 " 2 " 2 "

2 222 " " 2 " "

sin sin

2 4 1 2 1

j j oj o j j oj oo j

r

o j o o j o

d A d A

R cos A R cos A

b g b gb b
b

g b g b

-
= + -

+ +
        (0.23) 

Please note that the jb  term is different between Equation (0.14) and Equation (0.23).  

Figure 4 shows the partitions for 0 0 0 0 0 o
o o j oj oR , L , R  and � d  for A  < 90 .  Again, letting 0

hR  be the radius of the hole in the center, we 

have 
0 0 0 0       o o h ojR L R db= + -               (0.24) 
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0 0 0
j j hR L R= + ,                (0.25) 

where 0 0ojd < .  Eliminating 0
hR  from Equations (0.24) and (0.25) and boosting the resulting equation to the laboratory frame, Frame 4, 

we have 

( )
2 "

" " " "

"
"

"

1                 

1

j ojo
o o j j

j j
j

j

d
R L R L

L
R

R

bgg
g

� �
� �
� �

- = - -� �� �� �-� �� �� �� �� �

          (0.26) 

 

( ) ( )0 0 0 0 0 0
jocos cos  d  > 0o j jo oR R d Aq= +  

 
Substitution and boosting to the laboratory frame, Frame 4, yields 
 

( ) ( )
( )( )

24 " 2 "2 "
" "

2"
2 " 2 "

sin
1  

2 1 cos

j oj oj ojo
o j

j j
o j o o

d Ad
R R

R R A

ggg
g g b

� �
� �@ - -� �� �+� �

          (0.27) 

o j

2 2

1 1 1
1 1

2 2 o j

b b

g g

� �-
@ - - -� �

� �
� �

             (0.28) 
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( ) ( )
( )( )

o j

2 " 2 "

" "
" "

" ""

2
22 "4 " 2 "2 "

2

2"
2 " 2 "

2

1  1  

1 1
1

1 exp 1
2 sin

1
2 1 cos

sb

j oj j oj

j j
j j

j jjo
c

j j jj oj oj oj

j
o j o

d d

L L
R R

R RLc
b

c Rd Ad

R R A

b b

g g

g gg

g b

-
@

� �� � � �
� �� � � �
� �� � � �

- -� �� � �� � � �� �� � �- -� � � �� � � �� � �� � � �� � � �� � � �� �- -� �� �� � � �
� �- -
� �+
� �
� �
� �
� �

( ) ( )
( )( )

2 24 " 2 "2 "

2"
2 " 2 "

1
1 1

sin
1

2 1 cos

jj oj oj oj

j
o j o

d Ad

R R A

ggg

g b

� �� �� �� �� �� �� �� �� �� �� �� ��� �� �� ��� �� ��� �� �� �� �- - -� �� �� �� �� �� �- -� �� �� �+� �� �� �� �� �� �� �� �� �� �� �� �� �

  (0.29) 

By expanding and substitution into Equation (0.23), we have an equation similar to Equation (0.21); 

( )
( )
( )( )

( )
( )( )

2" 2 " " 2 "
2" "

0 1 2 3 42 2
" "

sin sin

1 cos 1 cos

o o

r o

o o

d A d A
H H d H d H H

A A
b

b b

� � � �
� � � �= + + + +� � � �� � � �+ +� � � �

       (0.30) 

 
  

with 0

2oA
p

<  and ( ) ( )
( )

"

0

"

cos
  cos 1 

1 cos
o

o

o

A
A

A

b

b

� �+
� �= ®
� �+� �

 for all values of "  
2oA
p

<  if  1b » .  Again, "
oA  is the angle viewed from the rest 

frame at the center as measured in the boosted frame in the inverted diagram, Figure 2, that is, our frame of reference.  The sine term 
from the expansion of Equation (0.29) must be included when we substitute Equation (0.29) into Equation (0.23). Equation (0.23) 

contains 
2

2
j

o

g

g
 terms, which we will have to expand and substitute the expanded equation below into Equation (0.23). 
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2 " " " "" " " "

2 " " " "

2
exp exp

2

bsbs

j j j j jo o o o

o o o j j

R L R LR L R Lc o
bc bc

c j R R R R

g

g

-
� �� � � �� � - -� � � �- -

= -� �� � � �� �� � � �� � � � � �� �� � � �� � � � � �� �
 

( ) ( )
( )( )

2 " 2 "

" "
" "

" "2 " "

22 "4 " 2 "2 "
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2 " 2 "

1  1  

1 1
2
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2 sin

1
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j oj j oj
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d d
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R R
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R R A

bg bg

g

g gg

g b

� �� � � �
� �� � � �
� �� � � �
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� �- -
� �+
� �
� �
� �
� �

( ) ( )
( )( )

24 " 2 "2 "

2"
2 " 2 "

1
sin

1
2 1 cos
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(0.31) 

If we include the coefficients of Equations (0.21) and (0.30) into a matrix, we will have a 2-by-5 matrix containing the parameters of the 
constants in Equation (0.7) at points ‘o’ and ‘j.’  We can perform a least-squares analysis on the existing data and then set each element 
in H to the appropriate parameter in the least-squares analysis.  The distances to each galaxy have been determined in our rest system – 
Frame 3 – and the coefficients determined in our derivation are in the double-prime boosted frame – Frame 4.  Although the distances 
have been determined in Frame 3, we must remember how they were determined.  All methods of determination of the distances to 
other galaxies were made with the use of some form of light.  Since the fundamental foundation of light is the quantum, each galaxy had 
a unique time when the quanta of light were emitted; likewise, our location in our galaxy had a unique time when we received the 
quanta of light in all of our observations.  For example, point ‘j’ emitted the quanta of light that we received; thus, point ‘j’ had a unique 
proper time when the light was emitted; likewise, point ‘o’ also had a unique proper time when we received the quanta of light.  In both 
cases, we must measure the proper time along the respective radial arm that each of the aforementioned galaxies was expanding from 
the center.  Therefore, the distances to the other galaxies were determined with the double-prime reference measuring sticks (Frame 4).  
Once we have the values of the distance to other galaxies, we can use these values in cases where we have boosted the equations with 
either space or time variables prior to boosting, provided we have multiplied the change in proper time by the velocity of light. 
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The above derivations are general; in other words, they are valid for any two points within the shell.  The problem is defined in one 
dimension by "

ojd .  As before, point ‘o’ will be denoted as our location.  Since we need to define many of these two-point systems, we 

will require three dimensions for the “recessional velocities” family of curves and the “proper motions” family of curves.  
 

 
The Proper Motion 
 

Case I 0 0 0
oj jo, d 0, d 0.   

2oA and
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By substitution of ( ) ( )0 0

0
0

sin
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o

d A

R
q = , expansion of the term - ( )0sin oA q+ , and collection of like terms, we have 
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     (0.32) 

Boosting, 
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  (0.33) 

When we boost Equation (0.32) to the laboratory frame, the term ( ) ( )
( )( )

2 "

"
22

"
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, 1 1

1 cos

o

o

o

A
f A

A
g

g
= +

-
;  for all values of "

oA  with a small 

error.  
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Equation (0.33) has the form given below in the double-prime frame of reference, Frame 4: 
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0 1 2 3 4 53" " ""
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g b b bb
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 (0.34) 

 
The proper motion is usually defined in milliarc-seconds century-1, that is, ( )1 mas cent- .  As before, the distances to other galaxies 

were determined in the double-prime frame of reference, that is, Frame 4.  We need to relate rotb  in Equation (0.33) to the units for µ�  
and µ� .  Proper motion for an arbitrary galaxy can be written as 
 

( ) ( )1disance tan (  sec ) tangential velocityradians ond t tl d d-´ = . 

0 0H >  for 
2oA
p

> .  Therefore,  

( )0
oj rotd tan ) ct tld b d=               (0.35) 

Boosting Equation (0.35) to the laboratory frame, Frame 4, we have 

( )"

"
o oj rot

o

tan
d co

o

l g dt
g g dtb

g
=  

Rearranging, ( )" 1
"

sec rot

oj

c
rad

d
b

l - =  if � ” is small.  If we change units to ( )1 mas cent- , we have the following equation:  

( ) ( )
" 1

"

6449
 rot

oj

mas cent
d MPC

b
l - =              (0.36) 

where ( )" 1 mas centl -  is the resultant of µ�  and µ� , and rotb  is a pure number.  MPC is megaparsec.    

   
We have to expand the following equation to determine H0, H1, and H2: 
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 (0.37) 

   
A similar equation can be written for Case II.  
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Expanding, substituting, collecting, and boosting, we have  
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The term, 
2 2 "

2 " 2

sin ( )
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; .    

Again, we have boosted to the laboratory frame of reference, Frame 4.  We have,  
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 (0.39) 

 
Or,  
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The Spatial Equations - Determining the Direction of the Center 
 
We derived the recessional velocity equation and the expansion equation by boosting the classical equations at low velocity to sub-light 
velocities, that is, to the laboratory frame of reference.  We went from a system almost at rest to a “prime” system – Frame 2 – for the 
expansion velocity equation and to a “double-prime” system – Frame 4 – for the recessional velocity equations and the proper motion 
equations.  We are located in the single-prime system, that is, the laboratory frame of reference with the rest frame at the center.  The 
center is the laboratory frame for our location.  This means that from our point of view, the center is receding from us at a sub-light 
velocity.  We observe many of the other points in our vicinity as having a low relative velocity.  With this in mind, the vectors that point 
from our location toward other points in the vicinity (including the center) will be normal vectors.  As long as we are interested only in 
directional information, all of our measurements will be normal to our system.  In other words, all of our equations and constants have 
been derived in this laboratory frame of reference.  Therefore, we can use all previously determined measurements, except 
measurements of time and space when both are measured from the center, without changing any of them.  For time and space 
measurements, we will have to use special relativity to account for changes in the size of our measuring rods when they are functions of 
the velocities of the center. 
 
We are located at point ‘o.’ The equations for rb  must be derived such that they match the way in which we view the expansion.  If we 
have two points moving away from each other (with or without material objects to use as references) and if we are on the first point, we 
would see the second point moving.  If there is scenery, we are only able to determine the velocity of these objects relative to us.  If we 
were on the second point, we would see the first point moving.  This would be true of the universe at low relative velocity.  It would 
also be true if we boosted the system to sub-light velocity.  Boosting the system to sub-light velocity is not a physical process but only a 
mental process done to obtain the viewpoint of observers in the sub-light system.  The use of the laboratory frame comes into play only 
when we transfer measurements taken in a system moving near the speed of light to a “slow” system, which is characterized by �  on the 

order of one, ( ) 0.521g b
-

= - , where �  is again the reduced relative velocity.  We are not changing the velocities of the system.  As 

stated before, we are simply deriving the equations in the low velocity frame and then boosting the equations to the sub-light frame.  It 
would require action at a distance to have the moving system differences appear inside when the moving system is observed from 
inside.  Therefore, no matter how fast they are traveling relative to other objects, all moving systems have the same laws and 
mathematics when they are viewed in the rest frame of the moving system.  For us, we would see the center moving away from us at 
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nearly the speed of light.  Even though we are moving at a sub-light velocity with respect to the rest frame at the center, the relative 
velocity when we are on the moving point, the other point appears to be moving away from the point on which we are.  As long as we 
do not frame our problem using distance-determined parameters tied to center, we cannot say for sure that we are moving at a sub-light 
velocity.  Everything appears normal to us.  We are in the double-prime system and appear to be at rest.  All measurements, including 
distance, time, and angles, will be measured in the double-prime system, Frame 4, which is at rest when observed by us as long as none 
of the parameters are functions of the rest frame at the center.  However, when we are measuring the distance or time between our 
location and other galaxies as well as the center, which are functions of the total time of the expansion, we will have to use special 
relativity to make our observations.  We must consider the total time that the universe has been expanding when we make 
determinations of the distances to other galaxies, since time in each galaxy is linked to the time measured from the center.  To sum up 
the above paragraph, everything appears to be moving except for the observer’s location.   

To determine the constants in Equations (0.52) and (0.53), we must know the direction of the center.  Let cR
®

 represent the unit vector 
with its direction pointing from our location toward the center.  The unit vector can be written as

( )1
o oc R RR q f= Ð Ð           

where 
oRqÐ  and 

oRfÐ  are the spherical polar coordinates referenced to the prime meridian and to the North Pole, respectively.  If we 

let ojd  represent the unit vector pointing towards the j galaxy, then the unit vector defining the direction of an arbitrary galaxy, for 

which the proper motion is known, is given by 
 

( )1
oj ojoj d dd q f= Ð Ð            

If we take the triple cross product defined below, we will have the direction of the proper motion unit vector or its negative.  If we let 
erepresent the unit vector of the triple dot product, it will lie along the line of proper motion.  We have 

( )
( )

c oj oj

c oj oj

R d d
e

R d d

´ ´
=

´ ´
            

The vector e will be perpendicular to ojd  and will be parallel to the proper motion vector.  The vector e is a unit vector by design.  We 

are not able to determine the magnitude of the proper motion with this equation, only its direction.  However, e, ojd , and cR  would be 

in the same plane, with e perpendicular to ojd  and parallel to the resultant of the proper motion vector. 
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Galaxies whose proper motion has been determined are listed in Table 1.  The proper motion is defined with respect to the vector 
components ��   and �� .  To compare the calculated directions of the proper motion, we will need the unit vectors of the resultant of ��  
and �� .  Table 1 lists the values of ��   and ��  that have been determined for listed galaxies.  Column 4 shows our calculated directions 
of the resultant vectors, [ ]1 q jÐ Ð , of the galaxies for which the proper motion is known at the present time.  The error amounts in the 

determination of ��   and ��  are not shown in this table. 
 
The resultant unit vectors are calculated as follows.  Let the unit vector of the resultant proper motion be f , where mq  and mj  are the 

polar angles.  The resultant proper motion unit vector is defined by the angles mqÐ  and mjÐ  in spherical polar coordinates by 

 
1f m mq j� �= Ð Ð� �             (0.40)  

( )
2 2 2

*cos 180 90
cos  

ojdj
A

x y z

d

m

m f
j

� �- - Ð
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� �

Where j = 0 when 0 and j=1 when 0.  d dm m> <  

  
y

atan
xmq � �Ð = � �

� �
, with x, y, and z being the components of   and d am m on the respective axis.  

ojdfÐ  and 
ojdqÐ  are the spherical polar 

angles of the unit vectors for doj’s.  We must remember that the x and y components consist of the components of dm  and am  on the x 
and y axes.  
 
With these two equations, we can calculate the proper motion vector for each of the galaxies listed in Table 1.  We have defined the cR  

vector for the direction to the center as arbitrary.  Now, if we allow the azimuthal and polar angles found in cR  to vary from 0 to 359 

degrees for 
jRqÐ  and the values of 

jRfÐ  to vary from 0 to 179 degrees, we have all possible directions to the center from our point 

defined within one degree.  If we take the dot product of the triple cross product vector e with the four proper motion vectors, we will 
have a matrix with 64,800 rows and 4 columns.  If we then compare all four of the dot products to 1.0 and select the angles in cR  that 

make the values of dot products closest to one, we will have the best possible direction for cR .  For programming purposes, we took the 

following inequality, 1 0.1e f- £g  for Sculptor Dwarf, Ursa Minor, Draco Dwarf, and Fornax galaxies and 1 0.19e f
®

- £
ur

g  for LMC.  
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Two directions satisfy the inequality.  These directions are ( )1 129 132o o
oR = Ð Ð  and ( )1 313 53 .o o

oR = Ð Ð     The angle between these 

two vectors is 174 degrees; therefore, these vectors are very close to parallel lines.  Thus, only one of them will represent the correct 
direction, that is, towards the center.  One of these vectors points from our location away from the center, and the other one points from 
our location toward the center. 
          
This research has made use of the NASA/IPAC Extragalactic Database (NED), which is operated by the Jet Propulsion Laboratory, 
California Institute of Technology, under contract with the National Aeronautics and Space Administration.  Only a few galaxies from 
the NASA/IPAC Extragalactic Database (NED) have been described in the literature as having the proper motion.  The measurement of 
the proper motion for these galaxies has an accuracy of only ±25 percent.  In our determination of the direction of the center, we had to 
allow an error in the dot product of 0.19.  This amount of error in the proper motion of LMC introduces an error into the direction of the 
center of 36º.  
 
However, George Smoot, on the web (http://aether.lbl.gov/cobehome.html), in his research on the antistrophic nature of the cosmic 
microwave background radiation (CMB), found a location that is the center of the CMB to be [ ]1 264.4 48.1Ð Ð  in Galactic coordinates.  

See C. Bennett et al. [2], “Cosmic Temperature Fluctuations from Two Years of COBE DMR Observation.” Converting to polar 
coordinates, we have [ ]1 11.96 82.81Ð - Ð  referenced to the prime meridian and the North Pole, respectively.    

 
Data Analysis 
 
If we include the error in each of ��   and ��  and consider all of the permutations, we have nine possible values for each of the proper 
motions.  With six galaxies, we have 96 combinations.  It appears from our limited analysis of the possible combinations that each has a 
different center when we perform the cross product analysis on each one.  We decided that the effort would probably show no fruitful 
results.  Therefore, we only performed the cross product analysis on the median for each galaxy.  
 
 However, we took the center to be located at cR- , that is, [ ]1 168.4 97.19Ð Ð , as discussed below, performed the cross product analysis 

with a directional vector to each galaxy, and compared it with the calculated values of the resultant proper motion vector.  The result is 
given in Table 2 for the nine permutations.  Agreement is good except for Carina Dwarf Galaxy. 
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The research group of Wendy L. Freedman [3] published distances and recessional velocities for 37 galaxies determined by 
measurements of supernova data obtained with the aid of the Hubble telescope (“Final results from the Hubble Space Telescope Key 
Project to measure the Hubble Constant”).  We used the velocity and distance data included in Table 6 of her work.  We obtained the 
right ascension and declination of these galaxies from the NED database.  The Freedman group also gave data for 31 other galaxies that 
had been measured by other researchers in Tables 4 and 5.  We converted all recessional velocities to GSR velocities.  We converted the 
right ascension and declination to polar coordinates, referenced to the prime meridian and the North Pole, respectively.  We also took 
the velocities and distances of all galaxies with negative recessional velocity from the NED database, which lists all galaxies for which 
distances are known.  The recessional velocities were given in the GSR system.  We performed a least-squares analysis on the above 

data and fit it to the spatial equations that we derived for " " and 
2 2o oA A
p p

< > . 

These equations have the form given below " "row 0 for  and row 1 for  
2 2o oA A
p p� �< >� �

� �
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� � � �
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� � � �

      (0.41) 

0 and 1i =  
 

oA  values were measured from our rest frame at our location.  Since we are in the double-prime frame, Frame 4, these angles are " 'oA s.  

We will be taking the dot product of cR  and ojd  to find "
oA  before we separate the data between the data subsets corresponding to 

"

2oA
p

<  and "

2oA
p

> .  We must calculate the value of oA  by taking the dot product of oR  and ojd  to solve for the parameters contained 

in Equation (0.7).  If we viewed the system from the rest frame at the center, we would see that the two velocity vectors, � o and � j, are 
located on two lines connecting the center with galaxy o and galaxy j, respectively. (These lines point outward from the center to point 
‘o’ and point ‘j,’ respectively.)  The vectors start at the point ‘o’ and point ‘j’ and extend along the radial arms away from the center as 
viewed from the rest frame at the center.  The angle that separates ob  and jb  is q.   
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However, we are located in the shell, and the shell is our rest frame.  From our location, the center appears to be moving away from us 
at the reduced velocity vector bbbbo.  Likewise, the center will appear to be moving away from galaxy ‘j’  by the reduced velocity 
vector bj.   The magnitude of both vectors ob  and jb  would be positive, since they are pointing away from us.  ob  and jb  are 

measures of the derivatives of oR  and jR , respectively.  Therefore, the magnitudes of all four of these vectors must have the same 

positive sign.  The proper time is increasing as the center appears to move away from us.  Let cR  be the vector directed from our 
location toward the center as determined from our location.  Because of the inversion of the axis about the center, we have to use point 
o’ to determine the angle oA .  At point o’, the center is located in the direction of cR- .  Therefore, to determine "oA , we must take 

( )"cos o c ojA R d= - g  for the case when we determine the direction of Rc at our location.  The direction of cR-  is a normal vector; that is, 

it is not affected by the expansion velocity, since it was determined in the rest frame at point ‘o’ (Frame 3).  This scenario is only for the 
determination of "

oA .  ob  and jb  are the velocities of the center and have been moved a distance oR  past the center; that is, they have 

been relocated to point o’ and point j’, respectively. 
 
The vector [ ]1 11.96 82.81Ð - Ð  mentioned previously appears to be the direction toward the center of our local universe.  The 

temperature variation seen in the CMB is positive, indicating that our relative velocity to the CMB in this direction is negative.  There 
would also be a series of equal-velocity circles surrounding the center, as well as a similar pattern of temperature variations.  In polar 
coordinates, we have the center located in direction of [ ]1 11.96 82.81Ð - Ð .  However, we need cR-  or [ ]1 168.4 97.19Ð Ð .  Thus, we 

will use the vector cR- , that is, [ ]1 168.4 97.19Ð Ð , where cR-  would be the direction toward the center of our local universe from point 

o’ in the inverted part of Figure 2.  The vector [ ]1 168.4 97.19Ð Ð  is about 49º from the vector obtained from the cross product analysis.   

 

We used ( )"cosc oj oR d A- =g  to determine the individual elements of "

2oA
p

<  and "

2oA
p

>  data subsets.  As a footnote, we also derived 

'r sb  in terms of the supplemental angle to "
oA .  Using this method, we obtained the same results.  The quadratic best fit with respect to 

distance using the angles we measured at our location is  
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Ha
186.819-
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88.891

70.598

0.053-

3.67- 10
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´
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0.112-

�
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=

   
 
 

where row 1 is for "

2oA
p

>  and row 0 is for "

2oA
p

< , with the direction toward the center to align with the above arguments is given by 

( )1 168.4 97.19o o
cR- = Ð Ð  in polar coordinates. 

 

The correlation coefficients for " ",
2 2o oA A
p p� �< >� �

� �
 are ( )0.986,0.995 from the least square analyses to fit the equations derived for the 

recessional velocities in this paper.  
 
If we set the coefficients in ,i jH  equal to the corresponding term in the matrix above for the best fit, we obtain 10 equations from Ha 

and two additional ones if we write equations for j and og g .  With the 12 equations, we can solve for the constants in Equations (0.52) 

and (0.53).  We have to remember that Ha was calculated using the observed distance in our rest frame as measured with the double-
prime frame measuring rods.  Therefore, we set the coefficients determined by the least square analysis equal to the corresponding 
coefficients in Ha. 
 

The Twelve Equations 
 
Equating the elements in Ha to the parameters in Equation (0.41) yields 10 independent equations in the double-prime frame after 
expanding the expression j ob b- .  These 10 equations are listed as Equations (0.42) through (0.51) below.    
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We can write equations for og  and jg  using Equation (0.7).  These two equations are:  
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We included the following constraints: 
vo 0> vo 1< Rj 0> go 0> gj 0> Ro 0> bc 0> vj 0> vj 1< bs 0>   
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The observations by Kogut, et al. [4] of the velocity of the local group of galaxies relative to the CMB is used as the relative velocity 

between ob  and jb  for 
2oA
p

>  and 
2oA
p

< .  The numerical number [4] ( 1627 22  seckm -± ) in Equation (0.54) was the stated value 

minus the error truncated to 600 1 seckm - .                
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              (0.54) 

We defined Hc1, a 2-by-5 matrix, by setting to the respective elements of Hc1 the quantities on the left side of Equations (0.42)-(0.51) 
and calculated the matrix elements of Hc1 using the values of the unknowns obtained by solving Equations (0.42) through (0.51).  We 

then set 1
300000

Ha
Hc =  as another constraint.  The initial guess values for Hc1 were set at 

300000
Ha

.  This forced a solution of the 

parameters in Equations (0.52) and (0.53) to reproduce the matrix Ha.  We also substituted the appropriate term for jb  in the 

transcendental terms in Equations (0.14) and (0.23).  In other words, for A > 90 degrees, Case I corresponds to 
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where ,  ,o jgo gjg g= =  in Equations (0.42) and (0.51).  We had to re-label the variables for the software we were using to solve the 

equations.  The variables c2o and c2j are the respective coefficients in Equation (0.7).  After we solved for all of the parameters in 
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Equations (0.42)-(0.53), we used these parameters to calculate the elements in Hc, where Hc is the matrix defined to reproduce Ha.  All 
of the equations and constraints were used inside the Solve Block of a Mathsoft worksheet. 
 
The Solution 

Values of all Parameters 
 

We calculated the recessional velocities for 
2oA
p

<  and for 
2oA
p

>  for all galaxies in the NED database for which recessional 

velocities and distances were listed.  We eliminated data that were incomplete.  We then used these calculated recessional velocities and 
the measured values to calculate the correlation coefficient of the ordered pairs.  The correlation coefficients “r-squared” for  

(
2oA
p

< , 
2oA
p

> ) are (0.93, 0.97). 

 
This theory provides a decrease in the recessional velocity at large distances, since in Equation (0.14), the term containing 2

ojd  is 

negative, and 2H  is negative in both Equation (0.21) and Equation  (0.30).  It is certain that the recessional velocity would decrease for 

large distances in the region where 
2oA
p

> . 

 
Our universe is certainly shrinking in the double-prime frame, since " "

j oR R> , even though point ‘j’ extends from point ‘o’ toward the 

center.  As R L® , g ® ¥ , thus causing the distance-measuring rods to shrink.  In both the single- and double-prime frames (Frames 2 
and 4), our universe is decreasing from an infinite radius.  For this reason, this paper is called:  “The Special Relativity Solution and 
the Shrinking Universe.”   
 
The radius of the hole in the center measured in the rest frame for point ‘o’ is 3.92 MPC across, while for point ‘j,’ it is 3.09 MPC.  
Therefore, the hole in the rest frame is expanding.   
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These equations have many different solutions, depending on the initial guesses.  However, by calculating the elements in Hc1 with the 
parameters to be solved for and by setting Hc1 =  Ha in the Solve routine of MathCAD as another constraint, we found a solution that 
satisfied the constraints and reproduced Ha.  The values given in Table 3 are from the solution that we found using Freedman, et al. [3] 
data.   
 
The density of the shell at our location was calculated as follows:  
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where G is the universal gravitational constant, o
o

o

L
R

n = , and c is the velocity of light.  units must be in metersoR . 

We must boost both sides of Equation (0.55).  Boosting the left side of Equation (0.55), we have 
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              (0.56) 

Boosting the right side of Equation (0.55) to the double-prime frame – Frame 4 – and substituting Equation (0.56), we have 
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The density is 4.69 EE -27 kg m-3 measured with the measuring rods in the double-prime frame, Frame 4. 

The rest mass contained between our location and the center is Shell o oM C L=  and s 2
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GCo
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= .  Therefore, 
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We have left the mass at the center and the mass in the shell as rest masses, since the value of each depends on where we observe the 
system. 
 
The following equations answers the question of how our constants change when we boost our equation from the rest frames – Frames 1 
and 3 – to the prime frames – Frames 3 and 4, respectively. 
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  Also, 0 "
o oC C= .  These terms are invariant under the transformation from a system at rest to a system moving with a sub-

light velocity, that is, Frame 1 ®  Frame 2 and Frame 3 ®  Frame 4 transformations. 
 
Since our local universe escapes the pull of the mass in the center, which seems impossible, something about the mass at the center 
must have allowed this escape.  One possibility is that the mass at the center consists of what we would call massive black holes.  The 
percentage of the total mass of our local universe contributed by the mass in the shell between the center and our location is 
approximately 63% if one compares the rest masses.  If the center mass consisted of black holes, it would not be visible.  Therefore, it 
would be dark matter and would constitute approximately 37% of the mass of our local universe.  If we view the shell from the center 
rest frame and if the shell is moving, the percentage of dark matter drops to 9.3%.  If we compare the masses from our rest frame, the 
percentage of dark matter increases to 77.5%.  Therefore, the percentage of dark matter depends on where the observer is located. 
 
We have no way of calculating the mass in the shell beyond our location because it cannot affect us gravitationally.  The expansion 
equation for our location is 
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We are unable to obtain the total time that the universe has been expanding by using the value of "
oR , since the velocity is not constant.  

However, if we solve for b  in Equation (0.7) and realize the following: 
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then we can numerically integrate Equation (0.59) from  to o oR L R R= = .  The term under the square root sign is equal to 1 at the lower 
limit and does not cause a singularity.  The total time of the expansion must be measured by proper time clocks, since one is observing 
from the rest system – Frame 3 – to the sub-light frame in the double-prime frame – Frame 4 – from the time that the shell was formed 
and the center moved to its present location as observed by us.  The proper time of the expansion is given in billions of years by 
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            (0.60) 

where  is measured by our clocks.tD          
 
The velocity of light is given in km/sec.  As , 1oR L b® ® .  Our original differential Equation (0.6), used to derive the above time, is a 

formula with a pole at oR L= .  
The time of the expansion measured by our clock would be 
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We can set ob  equal to zero in Equation (0.58) and solve for R.  The value of R will be the maximum radius (say, Rmax) for the 

expansion at our location if there is a solution for ob  equal to zero in Equation (0.58).  If there is such a solution, then the universe at 
our location will be closed.  Otherwise, the universe will be open.  However, even if the universe is open at our location, it may be 
closed for locations that lie farther away from the center than we are.  After solving for maxR , we can integrate Equation (0.60) from oR  

to maxR  and determine the time at which our location will expand.  In other words, 
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There was no solution for beta = 0 in Equation (0.58).  Therefore, we calculated the reduced terminal velocity of the expansion.  Table 3 
lists all obtained parameters.  The universe is open at our location by these calculations.   
  
We live in a universe that is on the move.  We are located in a part of a shell that is moving near the speed of light.  In the preceding 
discussion, we have hinted that there is a universal time that applies to all parts of our local universe.  We must say irrevocably that this 
is true: there is a universal time.  It is the rest time that every observer experiences.  Their clocks move at the same rate and have the 
same tick marks whether the observer is moving or is at rest.  However, two observers at different locations can only synchronize their 
clock within a radius where the relative velocity is low enough to give 1g @ . 
 
Take two points A and B, where one point is moving near the speed of light.  It does not matter which point is moving.  For example, 
assume point B is moving and point A is at rest.  Suppose that we are on point A.  From point A, we would observe point B moving at 
nearly the speed of light.  We would observe time on point B pass more slowly than on point A by a factor of gamma; however, our 
time would appear as rest time to us.  One would observe the clock on point B as moving more slowly than the clock on point A.  
 
However, what one observes from point A is not what one would observe from point B.  On point B, one would observe a clock on 
point “A” moving at the same rate as when observing from point A; that is because on point B, one would observe point A to be moving 
with the same relative velocity as that observed for point B from point A.  If one were on point B, he would be at rest, and point A 
would be moving at nearly the speed of light.  Therefore, the time on point A would be the same as the time on point B.  The only case 
where special relativity comes into to play is in setting the clock and communicating the time on one point to the other when using 
electromagnetic energy to transmit the information from one point at rest to another point that is moving.  Once a system such as our 
universe is moving, one cannot synchronize the clocks for two locations within the moving system if the relative velocity is high 
enough to make g  much greater than 1.  We would have the same problem within a system that used sound waves to transmit 
information between points traveling near the speed of sound.  However, since we can use light waves to set the clocks in our system, 
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the sound barrier does not affect our ability to set different clocks traveling away or toward each other near or even above the speed of 
sound. 
 
We would not receive much argument on the above scenario if the relative velocity between point A and point B was small, say, 3000 
miles per hour.  However, the time dilation for this scenario only registers in the eleventh decimal place.  It appears that as one 
increased the relative velocity and plotted the time dilation verses relative velocity, the graph would be continuous.  The argument given 
above is valid at very low relative velocities; therefore, it must be valid as the relative velocity increased up to velocities approaching 
the speed of light.  Time dilation occurs for all relative velocities when we observe another point moving with a relative velocity greater 
than zero, that is, from a rest frame of the observer’s location.  
 
The model predicts a great wall of galaxies produced at the trailing edge of our local universe.  As mentioned before, the trailing edge 
only has forces caused by the mass at the center, since the forces caused by the shell become less important as we approach the trailing 
edge.  Therefore, the part of the shell towards the center would catch up to points ahead of it.  However, the distance away from us to 
the wall would be approximately 22 billion light years, as measured by our measuring rods.  In addition, the model predicts a great mass 
lying approximately 26 billion light years from us, as measured with our measuring rods 
 
This model does not allow us to probe the physics of the system with a radius less than the thickness of the shell at our location.  We do 
not know what happens to the system in this regime.  Therefore, the model tells us nothing about a very large volume.  The force at our 

location would be 
2

1
F

R
µ  prior to the time the hole in the center formed.  However, there would be a discrepancy with respect to the 

initial velocity of the shell model and the point mass model prior to the existence of a shell.  The shell model probably over-predicts the 
velocity as o oR L® .  In fact, we have solved the expansion equation for R < L, and from preliminary calculations, the reduced 
expansion velocity at R = L is less than 1.  The shell model cannot accommodate values of the reduced expansion of less than 1 at        
R = L.  We have to remember that the shell model is a model and may not reproduce the real universe expansion in all cases.  We have 
not yet found any approach that would allow the expansion equation of the shell model to be less than one at R = L.  We are continuing 
to work on the expansion equation for R < L and will publish the results in a later paper.  With the expansion being less than 1 at R = L, 
the real universe may be closed. 
 
With one of these equations, we could determine whether our galaxy will collide with the Andromeda galaxy.  Our model predicts an 
averaged negative recessional velocity for the Andromeda galaxy of -125 km sec-1 (GSR) compared to a measured value of -121 km 
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sec-1 (GSR).  The measured distance ranges from 0.646 to 1.1 MPC.  Therefore, the two galaxies will not collide.  The negative 
recessional velocity is caused by the way the universe is expanding while we are positioned in the shell. 
 

Fit of Proper Motion Observed Data  
 
We calculated the proper motion of the galaxies with current known measured values.  The values of the proper motion for the six 
galaxies with measured values of µ�  and µ�  are listed in Table 4, columns 2 and 3, with the calculated values listed in columns 4 and 5.  
The agreement is fair with the most recently determined values (except for the sign of µ�  and µ�  in some cases, considering the 
uncertainty in determining the proper motion.  
 
The resultant proper motion is greatest near our location, i.e., for d << 1, and steeply moves toward zero as we approach 1 MPC.  Figure 
5 demonstrates that the only location where the proper motion is observable with the current technology is where the distance to the 
galaxy is much less than 1 MPC.  In all cases, the absolute value of the resultant proper motion values increases slowly with distances 
beyond those permitted by the model.  
 
The data for distance was obtained from the NED database.  The data for the other galaxies was referenced previously. 

 
The assumption made at the beginning of our paper that the deceleration of the universe was equal to the Hubble Constant if we 
converted the mega parsec units to second may be incorrect.  Calculating the deceleration of the universe with Equation (0.6) we obtain 
a value that is 1.3 orders of magnitude smaller than the value obtained from the Hubble Constant.  This assumption drove the derivation 
of Equation (0.7) into classical physics which is still valid. 
 
Afterthoughts 
 
This theory provides a mechanism to explain how galaxies formed very early in the expansion of our universe.  With the center 
containing a tremendously large number of massive black holes, smaller black holes could have been ejected when the matter in the 
shell was ejected.  Black holes in modern galaxies could have been introduced into the shell from the cluster of black holes at the center.  
Such black holes would have been kicked out if their mass was smaller than that of the majority of black holes in the central cluster.  As 
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these smaller black holes became part of the expanding gas, they could have formed nuclei to which massive gas clouds could adhere, 
thereby forming galaxies.  
 
One finds that the universe is open at our location if the calculated parameters are correct in Table 3.  We have assumed that the 
velocity from our location of the entire shell to the trailing edge is constant.  In addition, our model does not allow the universe to slow 
down prior to the formation of the shell.  It would appear that the velocity at the time when the shell formed would not be equal to the 
speed of light.  We are not at the leading edge of our universe, since we observe galaxies at great distances from our location in all 
directions.  At radii larger than those at our location, the universe may be closed, since the velocity when the shell formed would be less 
than c, the deceleration rate for galaxies farther from the center would be greater than at our location, and it would take less time for the 
negative acceleration to slow down these galaxies.  If this is the case, then this theory allows that during the time the shell is in the 
massive black hole cluster, the heavy elements formed during the expansion could be reduced to elements of low atomic weight by 
fission processes.  Therefore, we would have fusion during the expansion and fission during the shell’s journey through the cluster of 
black holes at the center.  The amount of energy contained in the shell as it reached the cluster would be enough to cause the heavy 
elements to break apart, since they would be traveling near the speed of light.  In other words, the temperature and pressure would be 
high enough to form matter in a state having the characteristics of a wave function.  Additionally, the gas would come out of the central 
region in sheets that would last for a short time, after which, the source of matter would be closed off.  At the same time, sheets would 
escape along other radial arms of our expanding universe.  This theory provides a mechanism for even larger systems consisting of 
many universes such as ours.  Since the expansion equation is defined by the ratio of the thickness of the shell to the radius, there is no 
upper limit on the size of expanding systems.  This theory goes along with the recycling ability of nature that we observe here on Earth.  
In other words, there is birth, there is life, there is death, and there is life, and so on.  Moreover, the model predicts negative recessional 
velocities close to our location in all directions, which is consistent with observations.  No other model predicts negative recessional 
velocities for galaxies close to ours in all directions.  The volume where we see the negative recessional is shaped like a dislocated 
ellipsoid where the two halves do not fit together.  The expansion of o jb b-  in Equations (0.14) and (0.23) becomes invalid for large 

values of d.  The maximum distances to galaxies that we can use in the model is 0.07 and 0.11 billion light years for A > 90 degrees and 
A < 90 degrees, respectively.  As we approach these values, we must include higher-order terms in the expansion, and at these values, 
the equations become complex.  However, the data from Freedman et al. [3] support the forms of Equation (0.21) and Equation (0.30) 
up to 467 MPC or 1.49 billion light years.   



Page 49 

An interesting result of this theory is the difference in the term ( )o jb b- , that is, 
1

o j

o j

b b
b

b b
-

=
+

, where ob  is the reduced velocity of the 

expansion at point "
oR  and jb  is the reduced velocity at the point "jR .  The velocities jb  and ob  are those given in Table 3 for 

"

2oA
p

<  and "

2oA
p
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Figure Caption 
 
Figure 1 Expansion at two different times 
Figure 2 Components of the recessional velocities for angle A> p/2 (Case I)  
Figure 3  Partition of Ro and Rj , the reverse of contraction 
Figure 4  Partition of Ro and Rj 

Figure 5 Calculated resultant proper motion in MAS/Century plotted against distance (MPC) for seven galaxies in the local group.  
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Tables 
 

Galaxy Polar angle Azimuth Distance (�  	 ) Degrees Mu Alpha Mu Delta 
J2000 Degrees Degrees MPC (Calculated) Mas century-1 Mas century-1 

Sculptor Dwarf [5] 15.04 123.98 0.085 2.38 85.80   36   43 
Ursa Minor [6] 227.3 22.78 .12 -53.70 94.57 100   80 

Draco Dwarf [6] 260.05 32.08 .067 -41.42 50.37   90 100 
LMC [7] 80.86 159.76 0.05 -31.66 65.36 120   26 

Fornax [8] 40.00 124.45 0.137 84.25 52.09 24.4 -14.3 
Carina [] 100.40 140.97 0.099 20.60 50.97 3.6 16 

 
  
Table 1 Proper motion parameters of the listed galaxies (References 1-3 were originally obtained from Paul Hodges, private 
communication; Email). 
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µ�  µ�  LMC URSA Sculptor Fornax Carina Draco 
- - Degree Degree Degree Degree Degree Degree 

Minimum Minimum 21.4 51.6 35.6 2.5 75.5 14.6 
Minimum Median 11.9 23.5 16.3 3.6 94.3 30.5 
Minimum Maximum 3.5 20.7 3.3 10.5 100.7 42.0 
Median Minimum 25.5 36.5 26.3 7.2 85.8 24.0 
Median Median 14.1 16.0 2.8 0.5 100.2 43.0 
Median Maximum 3.5 12.7 9.3 7.2 104.7 54.0 

Maximum Minimum 31.6 28.2 0.7 13.0 52.5 46.3 
Maximum Median 17.6 12.9 19.1 6.0 74.9 63.2 
Maximum Maximum 3.4 9.6 25.5 2.6 86.3 70.0 

 
Table 2 The angles between the calculated resultant proper vector and the cross product proper motion vectors where the calculated by 
the dot product.   The proper motion vectors were determined from the measured proper motion components.  The proper motion values 
in the literature were given as: Value ± Error.  In column 1 and 2, the minimum equal value minus error, median equal value, and 
maximum equal value plus error. 
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Parameters Guess Values Calculated Parameters Calculated 

Go (Unitless) 2.63 5.803589 Correlation Coefficient (Ao > 90) 0.9723958 

Ro (MPC) 20000 8009.946 Correlation Coefficient (Ao < 90) 0.9394748 

Vo (Unitless) 0.8 0.846999 Ro zero (MPC) 1380.1713 

Bs (Unitless) 1 1.007674 Rj zero (MPC) 1528.9957 

Bc (Unitless) 1.1 1.19917 beta o (Fraction of c) 0.9850433 

Gj (Unitless) 3.6 6.758071 Max d value allowed A>90 (MPC) 36.385689 

Rj 26000 10333.06  Max d value allowed A<90 (MPC) 21.120242 

Vj (Unitless)  0.9 0.90665 Lo (MPC) 6784.4165 

C2J (Unitless) 1.0919 1.124173   

C2O (Unitless) 1.1403 1.112441   

c2o (Unitless) 0.12 0.163866   

c2j (Unitless) 0.12 0.213563   

beta o (Fraction of c) 0.97 0.985043   

beta j (Fraction of c) 0.98 0.988992   

Density (10^ -27 kg m-3)  4.692179   

mass shell (10^52 Kg)  4.812055   

Mass center (10^52 Kg)  2.863262   

% dark  37.3048   

terminal velocity (Fraction of c)  0.675573   

eTime (Billion years)  22.93028   
 
Table 3 Calculated and Guessed Values of Equations (0.42) through (0.53) 
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Galaxy mu Alpha (Observed) 

(MAS Century-1) 
mu Delta (Observed) 

(MAS Century-1) 
mu Alpha (Calculated) 

(MAS Century-1) 
mu Delta (Calculated) 

(MAS Century-1) 
LMC  120±28 [7] 26±27 -15 15 
URSA  100±80[6] 

-8±17 [9] 
80±80 
38±16 -12 9 

SCULPTOR  
                      

36±22 [5] 
-23±13 [10] 

43±25 
45±13 -6 8 

DRACO 90±50 [6] 100±50 -15 15 
FORNAX  24.4±4.6 [8] -14.3±4.1 7 5 
CARINA  3.6±9 [11] 16±9 -4 6 

ANDROMEDA - - -0.4 0.5 
 
Table 4  List of the observed and calculated proper motion components for the six galaxies where the data are available. 
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Galaxy doj 
LMC 0.05 
Ursa 0.076 

Sculptor 0.09 
Fornax 0.137 
Carina 0.099 
Draco 0.083 

Andromeda 0.787 
 
 
Table 5 Distance, doj, from our location to listed galaxies 
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Figures 

   
 
 
Figure 1 Expansion at two different times 
 

    
 
Figure 2 Components of the recessional velocities for angle A> p/2 (Case I)  
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Figure 3 Partition of Ro and Rj  The reverse of contraction  
 

 
 
 Figure 4 Partition of Ro and Rj.                                                                                                                                                                                                                                          
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Resultant proper motion vs distance
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Figure 5  The calculated resultant proper motions in  
MAS/Century plotted against distance (MPC) for seven  
galaxies in the local group.  The values of the distance 
 to the respective galaxies, doj, are listed in Table 5. 
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