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Abstract

Using a theorm closely linked to Fermat's Last Theorm, and
borrowing some simple ideas from topology,| have designed a
simple and short proof of Fermet's Last Theorm.

Fermat's Last Theorm states that :
If N is any natural number greater than two, the equation:
(1) x¥+yY¥=2z"
has no solutions in integers ,all different from zero ( i.e. it has only
the trivial solution ,where one of the integers is equal to zero).

In my paper , | employ a very well known theorm which
states that
(2) Theorm : If N,K are integers both > 1,then each of the
equations

XY pyY 27K XYy o g
has infinitely many solutions in integers.

We note that the triple of integers ( x,Y,z ) is a solution of
the equation
(3) XN +YN :ZNK+1
if and only if the triple ( x,v,z* ) is asolution of the
equation

N N N
(4) X"+Y " =Z K



From now on ,we consider N as an integral exponent greater
than two .

Using the usual topology as defined on the real line R, we
consider the limit of the sequence of exponents ( N +% ) for

ascending sequence of positive integers K .
This limit is given by :

(5)|im(N+%) =N aSK-w

Because of this ,we note that if the positive integer x increases
,the equations of the form ( 4 ) corresponding to ascending
values of K appear to approach monotonically equation (1) .
For this to be true , solutions of equations of the form (4 ) must
come close to corresponding solutions of equation ( 1) for
ascending values of x . In addition , the limit (5 ) must exist .

In trying to prove the above note, we assume that the triple of
positive integers

(6)(x,vy,z)
Is a solution to equation (1) .
Hence for any integer x ,the triple of integers

(7) ( KX,KY,KZ )
is also a solution to equation (1).
We assume here that the integer K is a positive integer greater
than one .
Using theorm (2 ) , we construct now a sequence of triples of
integers ( X, ,Y,.,Z,), €ach triple being a solution to equation
(4 ) for some positive integer K.

For every positive integer K >1, we consider the variation
s(KYzY ) in (k¥ z" ) due to a positive variation 5 N in the
exponent N : .

(8) s(k¥zN)=(xkz+5(Kz)) (kN zY)
where s(kz) is the corresponding variation in (xz).
From (8) we get :

(9) s(xk¥z¥)=(kz+6(x2))" ((Kz+5KZ))™ -(KNZ")
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= (kz)" (L SED ) (kz)™ (L SED ) o~ - (k0 2)

We assume that the variation of (k™ z™ ) vanishes .

(10) s(xk™¥zV¥) =0
The truth of this assumption is based on the fact that all triples ( KX,KY,Kz )
are solutions to equation (1) . In a sense , the values x* z" are stable.
We get from (9)

(11) (1+ 26D )v (14 96D y o 1 =g

KZ (Kz)™
Let us make the following substitution
(12)t=2%2
KZ

Thus ( 11 ) becomes

N R
(13) (1#)* (1) - Lo =0

We make the following approximation
(14) (1+t)°" =1+ tsN
Hence ( 13 ) transforms into

(15) (1+#t)¥ (I+toN)- —L =0

(KZ)éN
i.e.
N N _ 1 —
(1+t)™ +toN (1+t) D) 0
that is
16 1+Nt+ .............. +t5N 1+t N _ 1 :O
(16) ( ) +ton (14t)" - o
Hence
17 Nt+ .............. +t5N 1+t N 4 1_ 1 :0
(17)( ) (1+t)™ +( K2 )
Since N > 2, we truncate the sum
(Nt ) at an odd power s of t ,i.e. we let
( 18) (Nt + .............. ) equals approximately (Nt + .............. +

as to the termtsn  (1+t)™ , we expand ( 1+t )™ and truncate
the expansion at the even power (s—1) of t,i.e. we let
(19) (1+t)™ equals approximately (1+Nt+ +
N.....(N = (s — 2)) ts—l)
(s-1!




After multiplying this approximation by tsN we rearrange the
terms of the equality (17 ) . As a result,equality (17)
becomes an equation of odd degree s in the unknown t . All the
coefficients of this equation will be positive . Since this
equation is of odd degree, it has at least one real root .And
since all of its' coefficients are positive ,this real root connot be
positive or zero ,it must be negative,i.e.

(20)t<0

From (12 ) we deduce that

(21) sxz) <0
This means that varying the exponent N be an anount
SN results in a negative variation in Kz, i.e. Kz decreases by
an amount |5(kz) | .

Now we approximate sN by % J.e.we let
_ 1
(22) 6N = <
Hence if we vary the exponent N by an amount % (kz) will

decrease by an amount |5(kz) |

Now ,according to theorm ( 2 ) , we can find a triple of integers

( X«,Y.,Z,) Which is a solution to equation ( 4 ) and such that z,
IS a positive integer which satisfies the condition that the absolute
value | (Kz- |6(Kz)|) - z, | isaminimum, i.e.

(23)| (Kz- 2, ) - |6(kz) | | Is @ minimum.

Thus we have succeeded in constructing a sequence of triples of
integers ,each triple ( x,,Y,,z,) being a solution to equation (4)
for some positive integer K

Condition ( 23 ) entails that
(24)] (kz- z, ) | =0 |s(xz) | for large enough values of x,

where O is the big oh notation .

To the triple ( x,,Y,,z,) we let correspond the triple ( KX,KY,KZ )
Which is a solution to equation ( 1 ).This is justified be equality ( 23 )
We now calculate

(25) lim (5(kz) ) as K - «

To this end ,we substitute from (22 ) in ( 11 ) and get
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S(KZ) S(KZ) ¢ = _ 1
(26) (1+ 220 ) (1+ 2722

1

(KZ)¥

i.e ( 1+ 5(KZ) )KN+1 — i
KZ KZ

(1+9KDy_ 1
(KZ)KN+1

That is

(27) Kz +6(Kz)- (Kz)x~1=0
We take the limit of (27 ) as K >«
First we calculate

(28) 1im (K > ) (Kz) &

For this we calculate :

(29) lim (K >« ) log ((KZ)%)):“m (K> )( log ( kz))

KN
KN +1
=lim (K->« )log ( xz)
Therefore we deduce that

(30) 1im (K > ) (K2) 1 )) = lim (K > ) ( Kz)
Hence we have for the limit of ( 27)

KN

(31)lim (K- ) ( Kz +6(KZ)- (Kz) 1=0)

Le. lim (K-w» ) ( KZ+6Kz)-kz=0)

We conclude that

(32) lim(skz) )J(K—»» )=0

From (24 ) we deduce that

(33)Iim(K->w»)| (kz-2,)|=0

We conclude from the above that for every positive integer

K > 1 we can find a triple of integers ( x,,Y,,Zz,) which is a solution
to equation ( 4). For this triple , we can find a corresponding triple
of integers ( kx,Ky,Kz ) which is a solution to equation ( 1) and
such that the absolute value | ( kz- z, ) | isaminimum. The

triples ( x,,Y,,z,) and ( kx,Ky,Kz) come close to each other as

K -« . In a sense, the equations of the form (4 ) corresponding to
ascending values of k approach monotonically equation (1)
Consider now the triple of rational numbers



(34) (5,5, %)

Substitute this triple in equation (4 ) and get
X¢ Yy \n= (Zk N*%
(35) (F2) +(3) = (%)

- N+i 1
le. x,"+y "=z, xX

KK

Therfore ,we deduce that ,for large enough values of xand to a very
good approximation. The triple ( 34 ) is a solution to equation (4) .
Moreover, the triples ( 34 ) converge to triple (6 ) as K -« .In fact,

as K »« equality ( 35) induces the equality

(36) x¥+ y~ =2V

All in all , we have the following result :

( 37 ) result : equations of the form ( 4 ) converge to equation ( 1) as

K - . The truth of this result is based on the existence of the limit ( 5) .
For the result ( 37 ) to be true , we must appeal to theorm ( 2 ) and check
the validity of this result on the basis of that theorm . In other words , the
result ( 37 ) cannot be true unless we can formulate and prove a similar
result with equation ( 3 ) replacing equation (4 ) . For the new result to
be true , a limit like the one in ( 5) must exist for exponents of equations
of the form ( 3 ) whenever K increases without limit .

Following similar steps as above we can calculate sxz*) and deduce
that

(38) s(kz*) <0

and that

(39)lim K »» (sxz*) )=0

Now according to theorm ( 2 ) ,we can find a triple of integers

( X.,Y.,z, %) which is a solution to equation ( 4 ) and such that

z, © iIs a positive integer which satisfies the condition that

(40) | (Kz*-|o(z*)|) -z * |isaminimum.

Thus we deduce that
(41) | (Kz* -2z *) - |okz*)| | is aminimum.

e
(42)| (kz*-2z,*) | =0 (|sxz*) | for large enough values of k
where O is the big oh notation



According to ( 39 ) we have
(43)Ilim(k»>w»)| (kz*¥-2z,*) | =0
That is

(44)lim ((K ) (2= 2)
KX
Since the triple ( x,,Y,,z, *) is a solution to equation (4 ), then the
triple ( x,,v,,z,) iIs a solution to equation ( 3)
(45) X M+ v, M =(z <) x
i-e. X, N 4 YK N — Z, KN+1
As we have done above, we let the triple ( x,,Y,,z, *) correspond to

the triple (xx,KY,kz*) . This isjustified follwing equality (42) . Also
X Yo Zy

we note that the triple ( ) Is an apprOX|mate solution to

equation (4 ) . This means that the trlple (X—K,Y—,

approximate solution to equation (3) . This can be checked as follows :
(46) ( K )N+( )N = (( € B )KNt1 approximately i.e.

(?K)N +(?K)N = (%) K apprOX|mater hence

1

KK
Comparing with (45) , the result follows .
It is a very good approximation for large enough values of k.

Using (44 ) we deduce that
(47) lim (K> ) ( )

XKN+YKN: ZKKN+1X

KK
)%) each of which is an

We conclude that the triples (X YK (
approximate solution of an equatlon of the form ( 3) for some
value of K , converge as (K -« ) to the triple ( x,v,z)
Which is a solution to equation (1) .
We now formulate a new result similar to the result ( 37)
(48) new result : equations of the form ( 3 ) converge to equation (1)
as (K—-w)



Amalgamating theorm ( 2 ) with result ( 37 ) and remembering that the
truth of result (37) is based on the existence of the limit (5) , we
deduce that the truth of the new result ( 48 ) necessitates the existence
of asimilar limit to the exponents of equations of the form ( 3)

That is we must show that

(49)lim (K »») ( KN+1 )= N in some suitable topology.

The necessity of the existence of this limit becomes evident upon
viewing equations (1) and (3).

We search now for a suitable topology to check the existence of the
limit (49) . It is known that the class of open intervals (a, b ) with
rational endpoints a, b is countable and is a base for the usual topology
on the real line. Since the exponents ( kN +1 ) we are dealing with now

are all integers , we form the class of all intersections of these open
intervals ( with rational endpoints ) with the set of integers Z

We get the relative topology on the set Z . It is an easy exercise to
prove that the relative topology in this case is the discrete topology .
This means that each singleton containing any integer , and especially
the singleton { N} is an open set . Hence N is not the limit of any
sequence of integers in this topology.

There fore , the limit in (49 ) does not exist . This means that the
formulation and proof of the sought after new result ( 48 ) is not
justified. Returning to theorm ( 2 ) we deduce that the result ( 37 ) is
not valid . The final conclusion is that our original assumption that
equation ( 1) has a non — trivial solution in integers, is not true .

We can arrive at this final conclusion via another route by using a
different topology.

To this end ,we consider the following curious topology on the set Z
of integers. Fora,b « Z , b > 0 we set
(50)N,,={a+mb:me Z}

Each set N ., isatwo way infinite arithmetic progression .Now call a set

O < Z open if either O is empty, or if to every a <O , there exists some b
>0 with N, < O. Clearly ,the union of open sets is open again. If
01,02 are open,anda < O1 n O2 with N ,,; < Oland N ., < O2,
thena e N 4p1p2 < O1 N 02 So we conclude that any finite intersection of



open sets is again open. So , this family of open sets induces a bona fide

topology on Z .

Now we consider the open set :

(51)NoN

in this curious topology.

Any element belonging to this set can be written in the form

(52)Nm me Z

Not that .

(53) NeNgN (takem=1)

Assume that an exponent ( kKN +1 ) belongs to this set i.e .

(54)( kN+1)= Nm me Z,xk>1

This means that

(55)N(m-kx)=1 (N>2)

But this is an impossible equation .

Therefore we deduce that for every k> 1

(56) ( xn+1)doesnot belongto N g N

This means that N is not a limit of the sequence of exponents ( KN +1)
in the curious topology .

There fore , the limit in (49 ) does not exist . This means that the
formulation and proof of the sought after new result ( 48 ) is not justified.
Returning to theorm ( 2 ) we deduce that the result ( 37 ) is not valid . The
final conclusion is that our original assumption that equation (1) has a
non — trivial solution in integers, is not true .

This concludes the proof of Fermat's Last Theorm.
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